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The roles of isospin asymmetry in nuclei and neutron stars are investigated using a range
of potential and field-theoretical models of nucleonic matter. The parameters of these models
are fixed by fitting the properties of homogeneous bulk matter and closed-shell nuclei. We
discuss and unravel the causes of correlations among the neutron skin thickness in heavy
nuclei, the pressure of beta-equilibrated matter at a density of 0.1 fm−3, the derivative of
the nuclear symmetry energy at the same density and the radii of moderate mass neutron
stars. Constraints on the symmetry properties of nuclear matter from the binding energies
of nuclei are examined. The extent to which forthcoming neutron skin measurements will
further delimit the symmetry properties is investigated. The impact of symmetry energy
constraints for the mass and moment of inertia contained within neutron star crusts and the
threshold density for the nucleon direct Urca process, all of which are potentially measurable,
is explored. We also comment on the minimum neutron star radius, assuming that only
nucleonic matter exists within the star.
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3I. INTRODUCTION
Strongly interacting matter in which more neutrons than protons exist is encountered in both
heavy nuclei and neutron stars. In stable nuclei the net asymmetry I = (N − Z)/(N + Z) ranges
up to about 0.24, but the neutron-to-proton asymmetry, δ = (nn − np)/n where nn and np are
the number densities of neutrons and protons and n = nn + np, approaches unity in the nuclear
surface. In the future, rare-isotope accelerator experiments will extend the range of I to values
well in excess of 0.2. In contrast, I could be as large as 0.95 in the interiors of neutron stars.
The physical properties of nuclei, such as their masses, neutron and proton density distributions
(including their mean radii), collective excitations, fission properties, matter and momentum flows
in high energy heavy-ion collisions, etc. all depend on the isospin structure of the strong interactions
between nucleons (i.e., nn and pp interactions versus np interactions). The energetics associated
with the n− p asymmetry can be characterized by the so-called symmetry energy, Esym, which is
the leading coefficient of an expansion of the total energy with respect to asymmetry: E(n, δ) ≈
E0(n)+Esymδ
2 · · ·. The energy µˆ = µn−µp ∼= 4Esymδ, where µn and µp are the neutron and proton
chemical potentials, respectively, is crucial in determining reaction rates involving electrons and
neutrinos, particle abundances, etc., in astrophysical contexts such as supernova dynamics, proto-
neutron star evolution, the r−process, the long-term cooling of neutron stars, and the structure of
cold-catalyzed neutron stars (i.e. their masses, radii and crustal extent), etc. The pervasive role of
the isospin dependence of strong interactions in nuclear processes in the laboratory and the cosmos
is sketched in Fig. 1. In this work some of these connections will be discussed.
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FIG. 1: The multifaceted influence of the nuclear symmetry energy.
Recently, several empirical relationships have been discovered that underscore the role of isospin
interactions in nuclei and neutron stars. These include correlations between:
1. The neutron star radius R and the pressure P of neutron-star matter: Lattimer and Prakash
[1, 2] found that the quantity RP−1/4 is approximately constant, for a given neutron star
4mass, for a wide variety of equations of state when the pressure P of beta-equilibrated
neutron-star matter is evaluated at a density in the range n0 to 2n0, where n0 denotes
equilibrium nuclear matter density. Since the pressure of nearly pure neutron matter (a
good approximation to neutron star matter) near n0 is approximately given by n
2∂Esym/∂n,
the density dependence of the symmetry energy just above n0 will be a critical factor in
determining the neutron star radius.
2. The neutron skin thickness in nuclei and the pressure of pure neutron matter at sub-nuclear
density: Typel and Brown [3, 4] have noted that model calculations of the difference between
neutron and proton rms radii δR = 〈r2n〉1/2−〈r2p〉1/2 are linearly correlated with the pressure
of pure neutron matter at a density below n0 characteristic of the mean density in the nuclear
surface (e.g., 0.1 fm−3). The density dependence of the symmetry energy controls δR (we
will call this the neutron skin thickness) in a heavy, neutron-rich nucleus. Explicitly, δR
is proportional to a specific average of [1 − Esym(n0)/Esym(n)] in the nuclear surface, see
Refs. [5, 6] and Eq. (102) below.
3. The neutron skin thickness in nuclei and the neutron star radius: Horowitz and Piekarewicz
[7] have pointed out that models that yield smaller neutron skins in heavy nuclei tend to
yield smaller neutron star radii. These authors, along with others [8, 9], have also pointed
out the need for an accurate measurement of the neutron skin.
Unlike proton distributions, neutron distributions in nuclei have remained uncertain to this date.
Recent studies of neutron densities from a global analysis of medium-energy proton scattering on
208Pb indicate that 0.07 < δR < 0.16 fm [10]. Related information is also available from an
analysis of antiprotonic atom data that gives δR = 0.15± 0.02 fm [11]. In the latter work, nucleon
density distributions are parameterized by Fermi functions and it is found that the half-density
radii for neutrons and protons in heavy nuclei are the same, but the diffuseness parameter for the
neutrons is larger than that for the protons. Skin thicknesses as large as 0.2 fm were obtained
in earlier analyses; see the discussion of Karataglidis et al. [12]. Since these studies involve
strongly interacting probes, even to this date the value of δR for a nucleus such as 208Pb is not
accurately known. This situation should improve as it is expected that the neutron rms radius will
be determined to about 1% accuracy by measuring the parity-violating electroweak asymmetry in
the elastic scattering of polarized electrons from 208Pb [8], an experiment planned at the Jefferson
Laboratory [9].
A common theme in the evaluation of the neutron skin thickness and the pressure of neutron
star matter below and above the saturation density n0 is the density dependence of the isospin
asymmetric part of the nuclear interaction. To highlight this dependence, we examine theoretical
predictions of δR and the neutron star radius for an extensive set of potential and field-theoretical
models. For the former we employ Skyrme-like potential model interactions, including a param-
eterization [13] of the microscopic calculations of Akmal and Pandharipande [14]. For the latter
field-theoretical models we use Walecka-type models [15] in which nucleons interact through the
exchange of σ, ω and ρ mesons augmented with additional mesonic couplings (see, for example,
Horowitz and Piekarewicz [7]) to better describe the properties of nuclei and explore the properties
of neutron stars. In order to provide baseline calculations, our investigations will be restricted to
the case in which the high density phase of neutron stars contains nucleons (and enough electrons
and muons to neutralize the matter) only.
Our goals in this work are to identify the causes of the correlations mentioned above through a
semi-analytic analysis of detailed calculations and to uncover other possible correlations. Toward
these goals, we investigate an assortment of potential and field-theoretical models that cover a
range of symmetry properties and incompressibilites, but which are constrained by the empirical
5properties of isospin symmetric and asymmetric nuclear matter, and the binding energies and radii
of closed shell nuclei. The properties of nuclei are investigated through Hartree-Fock-Bogoliubov
calculations for potential models and Hartree calculations for field theoretical models. In both
categories, our calculations include models that match the Akmal and Pandharipande [14] equation
of state (EOS) as results for nuclei with this model are not available in the literature. Additional
insights are provided through analytical and numerical analyses of isospin asymmetric semi-infinite
matter in the potential and field theoretical approaches. The results of these calculations are
utilized in understanding several correlations in conjunction with inferences from nuclear masses.
The neutron skin-pressure and neutron star radius-pressure correlations are reexamined to provide
improved relations. Our calculations also provide an estimate of the smallest neutron star radii
that ensue from these models.
The presentation is organized as follows. In Sec. II, the Hamiltonian (Lagrangian) densities of
the potential (field-theoretical) models used in this work are described. The variational approach to
determine the bulk and surface properties of isospin asymmetric semi-infinite nucleonic matter in
these models is developed in Sec. III. This section also contains a discussion of how these properties
enter in the liquid droplet model description of nuclei. Our results and discussion of the various
correlations, and their origins are presented in Sec. IV. Section V contains a brief description of
other related correlations. Discussion and conclusions are contained in Sec. VI. Appendix A lists
the properties of the models used in this work. The coupling strengths of some newly-constructed
models are given in Appendix B.
II. EFFECTIVE THEORIES
In both potential and field-theoretical model descriptions of many-body systems, the Hohenberg-
Kohn-Sham theorem [16, 17] allows the total Hamiltonian density to be expressed in terms of the
local particle number and kinetic energy densities of the various species. This simplification is of
great utility in the study of both heavy nuclei and infinite matter since microscopic calculations,
such as variational/Monte Carlo studies starting from a Hamiltonian constructed on the basis of
nucleon-nucleon and many-nucleon interactions, are computer intensive and are only beginning
to be undertaken for heavy nuclei (for a review of such studies on light nuclei, see Ref. [18]). In
practice, the strengths of the various interactions in the density functional approach are determined
by appealing to available data. In the following, we consider both potential and field theoretical
approaches so that distinguishing traits between these approaches can be identified.
A. Potential Models
A commonly employed non-relativistic effective Hamiltonian density stems from Skyrme’s work
[19] in which finite-range forces between nucleons were approximated by effective zero-range forces.
For low relative momenta (i.e., with s− and p−wave interactions only), the resulting Hamiltonian
density takes the form [20]
H = HB + 12
[
Qnn(~∇nn)2 + 2Qnp~∇nn · ~∇np +Qpp(~∇np)2
]
+HC +HJ , (1)
where the term associated with spatially homogeneous bulk matter is of the form
HB = h¯
2
2mn
τn +
h¯2
2mp
τp + n (τn + τp)
[
t1
4
(
1 +
x1
2
)
+
t2
4
(
1 +
x2
2
)]
+(τnnn + τpnp)
[
t2
4
(
1
2
+ x2
)
− t1
4
(
1
2
+ x1
)]
6+
t0
2
[(
1 +
x0
2
)
n2 −
(
1
2 + x0
)(
n2n + n
2
p
)]
+
t3
12
[(
1 +
x3
2
)
n2 −
(
1
2
+ x3
)(
n2n + n
2
p
)]
nǫ . (2)
Above, mn and mp are the masses of the neutron and the proton (these will often be taken to be
equal and then denoted by M), nn and np are the number densities of neutrons and protons, and
t0, t1, t2, t3, x0, x1, x2, x3, and ǫ are parameters that give the strengths of the various potential
interactions. We recall that total baryon density is n = nn+np. The first two terms represent the
kinetic energy densities for the neutron and the proton respectively, the sixth term is the density-
dependent form of the zero-range multi-body force, and the remaining terms constitute the s− and
p−wave parts of the two-body interaction.
The coefficients Q associated with the spatially varying part of the Hamiltonian density in
Eq. (1) are given by
Qnn = Qpp =
3
16
[t1 (1− x1)− t2 (1 + x2)] , (3)
Qnp = Qpn =
1
8
[
3t1
(
1 +
x1
2
)
− t2
(
1 +
x2
2
)]
. (4)
Note that for a Skyrme-type force, the Q’s are constants. However, in general, it is possible for the
Q’s to be density-dependent functions. Also note that, for Skyrme-type forces, Qnn = Qpp, but
this does not have to be true in general. Generally, we have Qnp = Qpn however.
The term HC in Eq. (1) arising from the Coulomb interaction is
HC(~r ) = e
2np(~r )
2
∫
d3r′
np(~r
′)
|~r − ~r ′| −
3e2
4
(
3
π
)1/3
np(~r )
4/3 , (5)
where e denotes the proton’s electric charge and the second term is an exchange correction [21].
The term HJ arising from the spin orbit interaction is
HJ = −W0
2
(
nn~∇ · ~Jn + np~∇ · ~Jp + n~∇ · ~J
)
+
t1
16
(
~J 2n +
~J 2p − x1 ~J 2
)
− t2
16
(
~J 2n +
~J 2p + x2
~J 2
)
, (6)
where the neutron spin-orbit density ~Jn =
∑neutron
i ψ
†
i~σ × ~∇ψi, similarly for protons and ~J =
~Jn + ~Jp.
The use of Skyrme’s effective interactions has successfully reproduced many of the global prop-
erties of nuclei including binding energies, charge radii, etc. [22]. The properties of bulk symmetric
nuclear matter at the saturation density n0, can be expressed directly in terms of n0, and the
model parameters. Explicitly, the energy per nucleon E/A, the effective mass M∗, the pressure
per particle P/n and the compressibility K are given by
E
A
= Cn
2/3
0 (1 + βn0) +
3t0
8
n0 +
t3
16
nǫ+10 , (7)
C =
3h¯2
10M
(
3π2
2
)2/3
; β =
M
2h¯2
[
1
4
(3t1 + 5t2) + t2x2
]
, (8)
M∗/M = (1 + βn0)
−1 , (9)
P (n0)
n0
= 0 =
2
3
Cn
2/3
0
(
1 +
5
2
βn0
)
+
3
8
t0n0 +
t3
16
(ǫ+ 1)nǫ+10 , (10)
K = 9n2
∂2E/A
∂n2
∣∣∣∣∣
n=n0
= −2Cn2/30 + 10Cβn5/30 +
9t3
16
ǫ (ǫ+ 1)nǫ+10 . (11)
7The symmetry energy of bulk matter, Esym, is
Esym(n) =
n2
2
∂2E/A
∂α2
∣∣∣∣∣
α=0
=
5
9
Cn2/3 +
10CM
3h¯2
[
t2
6
(
1 +
5
4
x2
)
− 1
8
t1x1
]
n5/3
− t3
24
(
1
2 + x3
)
nǫ+1 − t0
4
(
1
2 + x0
)
n , (12)
where the isospin asymmetry density is denoted by α = nn − np. The volume symmetry energy
of equilibrium nuclear matter Esym(n0) will be denoted Sv. We note that the symmetry energy
asymptotically decreases at large densities if ǫ > 2/3 or t1x1 > t2(4 + 5x2)/3. (This poor high-
density behavior can be remedied [23].) For models in which the symmetry energy monotonically
increases with density, the negative sign of the multi-body term involving t3 generally results in
neutron star radii which are smaller than in field-theoretical models (see Sec. IVC3).
B. Field Theoretical Models
The structure of nuclei and the properties of high-density nucleonic matter have also been
studied utilizing the mean field approximation to a Walecka-type Lagrangian that couples nucleons
to scalar (σ), vector (ωµ), and vector-isovector (~ρµ) mesons and photons (Aµ) [24]. The Lagrangian,
supplemented by non-linear interactions, is
L = Ψ¯
[
i∂/− gωω/− 12gρ~ρ/ · ~τ −M + gσσ − 12e (1 + τ3)A/
]
Ψ+ 12 (∂µσ)
2
−V (σ)− 14fµνfµν + 12m2ωωµωµ − 14 ~Bµν · ~Bµν + 12m2ρ~ρµ · ~ρµ − 14FµνFµν
+
ζ
24
g4ω (ω
µωµ)
2 +
ξ
24
g4ρ (~ρ
µ · ~ρµ)2 + g2ρf(σ, ωµωµ)~ρµ · ~ρµ , (13)
where ~τ are the SU(2) isospin matrices, fµν = ∂µων−∂νωµ, ~Bµν = ∂µ~ρν−∂ν~ρµ, Fµν = ∂µAν−∂νAµ
and the scalar meson potential
V (σ) = 12m
2
σσ
2 +
κ
6
(gσσ)
3 +
λ
24
(gσσ)
4 . (14)
In Sec. IV, we discuss the choice of the couplings gσ, gω, gρ, κ (dimensionful) and λ, as well as ζ
and ξ that allow the high-density behavior of the equation of state to be varied. The first five of
these are constrained to reproduce the properties of equilibrium nuclear matter and the empirical
symmetry energy. Horowitz and Piekarewicz [7] have extended the non-linear Walecka model by
adding σ2~ρµ · ~ρµ and ωµωµ~ρµ · ~ρµ terms to the Lagrangian so as to modify the density dependence
of the symmetry energy at supranuclear densities (in the absence of this coupling the dependence
is linear at large densities). In order to provide additional freedom in varying the symmetry energy
we have adopted a general function f , namely
f(σ, ωµω
µ) =
6∑
i=1
aiσ
i +
3∑
j=1
bj (ωµω
µ)j . (15)
Utilizing the mean field approximation with the Lagrangian (13), the binding energy per particle
in symmetric matter at equilibrium is given by
B ≡M − E
A
=M − 1
n0

V (σ0) + 12mωω20 + ζ8(gωω0)4 + 2π2
kF∫
0
dkk2
√
k2 +M∗2

 , (16)
8where the Dirac effective mass is M∗ = M − gσσ0, and the Fermi momentum and energy of
symmetric nuclear matter are, respectively,
kF =
(
3π2n
2
)1/3
, E∗F =
√
k2F +M
∗2. (17)
The equilibrium pressure per particle is
P (n0)
n0
= 0 =
1
n0

−V (σ0) + 12mωω20 + ζ24(gωω0)4 + 23π2
kF∫
0
dk
k4√
k2 +M∗2

 , (18)
and the compressibility at equilibrium is given by
K = 9n0
[
m2ω
g2ω
+
ζ
2
(gωω0)
2
]−1
+3
k2F
E∗F
−9n0
(
M∗
E∗F
)2 [(
1
g2σ
∂2
∂σ20
+
3
gσM∗
∂
∂σ0
)
V (σ0)− 3 n0
E∗F
]−1
. (19)
The symmetry energy of bulk matter is
Esym(n) =
k2F
6E∗F
+
n
8
(
m2ρ/g
2
ρ + 2f(σ0, ω
2
0)
) . (20)
In the above equations, the subscript “0” denotes mean field values of σ and ω. For the case f = 0,
the symmetry energy in Eq. (20) varies linearly with the density at large densities. The presence
of the function f permits variations in this density dependence.
C. The EOS of Akmal-Pandharipande-Ravenhall
The results of the variational microscopic calculations of Akmal and Pandharipande [14], in
which many-body and special relativistic corrections are progressively incorporated into prior mod-
els, have been parameterized by Akmal, Pandharipande and Ravenhall (hereafter APR) [13]. The
bulk effective Hamiltonian density is
HB,APR =
(
h¯2
2m
+ (p3 + (1− x) p5)ne−p4n
)
τn +
(
h¯2
2m
+ (p3 + xp5)ne
−p4n
)
τp
+g1
(
1− (1− 2x)2
)
+ g2 (1− 2x)2 , (21)
where τn and τp are the kinetic energy densities of the neutrons and protons, respectively and
x = np/n. Contributions from potential interactions are contained in the functions g1 and g2 that
have two different forms corresponding to the low density phase (LDP) and the high density phase
(HDP) that contains a neutral pion condensed phase. Explicitly,
g1LDP = −n2
(
p1 + p2n+ p6n
2 + (p10 + p11n) e
−p2
9
n2
)
, (22)
g2LDP = −n2
(
p12/n+ p7 + p8n+ p13e
−p2
9
n2
)
, (23)
g1HDP = g1LDP − n2
(
p17 (n− p19) + p21 (n− p19)2 ep18(n−p19)
)
, (24)
g2HDP = g2LDP − n2
(
p15 (n− p20) + p14 (n− p20)2 ep16(n−p20)
)
. (25)
The numerical values of the various parameters pi for the recommended “A18+δv+UIX
∗” EOS,
9TABLE I: Coupling strengths for the Hamiltonian density of APR in Eq. (21). The dimensions are such
that the Hamiltonian density is in MeV fm−3.
p1 p2 p3 p4 p5 p6 p7 p8 p9 p10 p11
337.2 −382 89.8 0.457 −59.0 −19.1 214.6 −384 6.4 69 −33
p12 p13 p14 p15 p16 p17 p18 p19 p20 p21
0.35 0 0 287 −1.54 175.0 −1.45 0.32 0.195 0
that incorporates three-nucleon interactions and relativistic boost corrections, are collected in
Table I. For this EOS, n0 = 0.16 fm
−3, E/A = −16 MeV, M∗/M = 0.7, K = 266 MeV, and
Esym(n0) = 32.6 MeV.
For later use the Q’s for the EOS of APR, calculated using the procedure detailed in Ref. [25],
are
Qnn =
1
4e
−p4n [−6p5 − p4(p3 − 2p5)(nn + 2np)] ,
Qpp =
1
4e
−p4n [−6p5 − p4(p3 − 2p5)(np + 2nn)] ,
Qnp = Qpn =
1
8e
−p4n [4(p3 − 4p5)− 3p4(p3 − 2p5)(nn + np)] . (26)
Note that Qnn 6= Qpp except in the case that nn = np.
A Hartree-Fock calculation of finite nuclei using the bulk Hamiltonian density in Eq. (21) aug-
mented by gradient, Coulomb and spin-orbit terms is more complicated than that using the Skyrme-
like Hamiltonian in Eq. (2) because of terms that vary exponentially with density in Eq. (21).
Therefore, we have fit the APR equation of state for bulk nuclear and neutron matter up to 3/2
nuclear matter density to that of a Skyrme-like Hamiltonian. For a realistic description of nuclei,
the density dependence of the effective masses is important, so we have constrained the fit so that
the effective masses match as closely as possible those of the APR equation of state. We have
also adjusted the coefficient of the spin-orbit interaction so as to closely match the charge radii
and binding energies of 208Pb, 90Zr, and 40Ca. This procedure leads to the parameter set given in
Table II and is referred to as NRAPR below. Figure 2 shows that in matter a good fit to the exact
APR binding energy/particle is obtained. A fit was also made using the field-theoretical approach,
referred to as RAPR, and the parameters are tabulated in Table III. As shown in Fig. 2 the fit is
even a little better than in the non-relativistic case.
TABLE II: Parameters for the Skyrme Hamiltonian obtained from a fit to the EOS given by the APR
Hamiltonian, Eq. (21); the dimensions are such that H is in MeV fm−3. This model is referred to as
NRAPR in the text.
t0 t1 t2 t3 x0
−2719.7 417.64 −66.687 15042 0.16154
x1 x2 x3 ǫ W0
−0.047986 0.027170 0.13611 0.14416 41.958
It is difficult to utilize these low-density fits to APR at densities of relevance to neutron stars,
largely because of the phase transition that is present in APR. There is not enough freedom in either
the present potential model approach or the field-theoretical approach to simultaneously match the
equation of state at low densities and satisfy the constraint on the maximum mass neutron star. We
have also attempted fitting the low-density and high-density phases of APR separately. Although
this is somewhat difficult to accomplish with the field-theoretical model above, it is easily done
10
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FIG. 2: Binding energy per particle versus density in nuclear matter and neutron matter for the EOS’s of
APR (solid line), NRAPR (dashed line), and RAPR (dotted line).
TABLE III: Coupling strengths for the Lagrangian in Eq. (13) that fit the APR Hamiltonian density in
Eq. (21) up to 3/2 nuclear matter density; the dimensions of ai and bi are such that L is in MeV4. This
model is referred to as RAPR in the text.
mσ gσ gω gρ κ λ
494.28 MeV 7.8144 9.2629 10.288 4.3789 MeV 0.078205
ζ ξ a1 a2 a3 a4
0.065381 0.30524 0.18566 0.73588 7.5995 ×10−3 3.4620 ×10−4
a5 a6 b1 b2 b3
6.7880 ×10−6 5.4824 ×10−8 0.039169 3.1323 ×10−9 9.8907 ×10−10
with the potential model. However, this patchwork approach falls outside our goal of studying
correlations that are generic to equations of state without softening phase transitions. In what
follows, therefore, results for nuclei are calculated using the NRAPR and RAPR models, whereas
those for neutron stars are from calculations using the original EOS of APR.
III. SEMI-INFINITE NUCLEONIC MATTER
The isospin dependence of the nuclear force has its most important ramifications in the bulk
and surface energies of nuclei. In finite nuclei, these effects are coupled, but certain properties
like the neutron skin thickness are affected more by the surface effects. The role of the surface is
most easily ascertained by an investigation of semi-infinite matter [26, 27]. In this case, matter is
assumed to vary only along one axis (the z-axis) and is assumed to be uniform in the two remaining
spatial directions. Matter at the z → −∞ limit is saturated matter at a specified proton fraction,
whereas the z → +∞ limit is the vacuum (see Fig. 3). Matter in these two limits are in chemical
and pressure equilibrium with each other. Thus, matter in the z → −∞ limit is at the saturation
density for the reference proton fraction, with vanishing pressure.
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FIG. 3: Schematic diagram of the surface regions of semi-infinite matter indicating the relation between the
neutron skin thickness, δR, and the corresponding quantity t = Rn − Rp determined from the squared-off
neutron and proton density distributions.
We note that in sufficiently neutron-rich matter, such as neutron star matter, the (non-
relativistic) chemical potential for neutrons at the saturation density is positive. In this situation,
which occurs when the reference proton fraction is less than about 0.35, the pressure at the satu-
ration density will also be positive and there must be a finite density of neutrons in the z → +∞
region with the same pressure and neutron chemical potential.
We will study how the surface energy and the neutron skin thickness vary in the semi-infinite
approximation due to modifications of nuclear model parameters (including those that delineate
isospin effects). These features can be connected to experimental properties of laboratory nuclei.
A. Variational Approach
The density profiles of semi-infinite matter (schematically illustrated in Fig. 3) are obtained
by minimizing the Hamiltonian (energy) density subject to the constraints of baryon number and
charge conservation. The baryon and isospin asymmetry densities,
n = nn + np , α = nn − np , (27)
respectively (and fields and functions of them), are z-dependent even though we do not explicitly
indicate them as such. The neutron excess is defined by δ = α/n. We will denote quantities at
z = −∞ by the use of the subscript “L”. Primes will generally indicate derivatives with respect to
the coordinate z. Pressure equilibrium between the dense nuclear phase and the vacuum requires
that the pressure PL = 0. Therefore, the density nL is the saturation density for matter with a
neutron excess δL. The value of nL, the surface profiles nn and np, and the surface energy (to be
defined below), are all determined for a given nuclear force model by the single quantity δL.
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We denote the saturation density of symmetric matter by n0 ≡ nL(δL = 0). The symmetry
energy function Esym(n) is generally a function of density and temperature T , but we consider
only T = 0 matter in this paper. For isospin symmetric matter Esym(n0) ≡ Sv is the standard
volume symmetry energy parameter whose value lies in the range 25–35 MeV. We also define the
squared-off neutron and proton radii (see Fig. 3), Rn and Rp, by
nnL(Rn − L) =
∞∫
−L
nn dz ; npL(Rp − L) =
∞∫
−L
np dz , (28)
where L→∞. Although these integrals formally diverge, the quantities Rn and Rp are finite.
The variation of the Hamiltonian density
δ
∞∫
−∞
[H− µn− µαα] dz = 0 (29)
results in the two Euler-Lagrange equations
∂H
∂n
− µ = d
dz
∂H
∂n′
, (30)
∂H
∂α
− µα = d
dz
∂H
∂α′
, (31)
where 2µ = µn + µp and 2µα = µn − µp are the Lagrange multipliers (equivalently, chemical
potentials) associated with the constraints of baryon number and charge conservation, respectively.
These chemical potentials are related to the individual neutron and proton chemical potentials
through µn+ µαα = µnnn + µpnp.
For Hamiltonians of the form of Eq. (1), without HC and HJ , we find
∂HB
∂n
− µ = n
′′
4
(Qnn + 2Qnp +Qpp) +
α′′
4
(Qnn −Qpp)
+
1
8
[
2
∂Qnp
∂n
(
(n′)2 + (α′)2
)
+
(
∂Qnn
∂n
+
∂Qpp
∂n
)(
(n′)2 − (α′)2
)
+2
(
∂Qnn
∂α
+ 2
∂Qnp
∂α
+
∂Qpp
∂α
)
n′α′ + 2
(
∂Qnn
∂α
− ∂Qpp
∂α
) (
α′
)2]
, (32)
∂HB
∂α
− µα = α
′′
4
(Qnn − 2Qnp +Qpp) + n
′′
4
(Qnn −Qpp)
−1
8
[
2
∂Qnp
∂α
(
(n′)2 + (α′)2
)
+
(
∂Qnn
∂α
+
∂Qpp
∂α
)(
(n′)2 − (α′)2
)
−2
(
∂Qnn
∂n
− 2∂Qnp
∂n
+
∂Qpp
∂n
)
n′α′ − 2
(
∂Qnn
∂n
− ∂Qpp
∂n
) (
n′
)2]
. (33)
Both sides of these equations vanish for z → ±∞.
The surface energy is the difference between the total energy and the bulk energy of an equivalent
number of neutrons and protons at the saturation density. Equivalently, the surface thermody-
namical potential per unit area is expressed [28] by the same integral that is minimized in Eq.
(29):
σ =
∞∫
−∞
[H− µn− µαα] dz . (34)
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The quantity σ is also known as the surface tension. The integrand vanishes at z → ±∞, expressing
the fact that the pressure vanishes there. Expanding σ(δL) in terms of the neutron excess δL
σ(δL) = σ(δL = 0) +
∂σ
∂δ2L
∣∣∣∣∣
δL=0
δ2L + . . . ≡ σ0 − σδδ2L + . . . (35)
allows us to identify σδ as the symmetry parameter of the surface tension. We note that the surface
energy (which is the product of surface tension and a characteristic surface area), as distinct from
the surface thermodynamic potential, has a surface symmetry parameter identical to this, but of
opposite sign [28].
The neutron skin thickness is defined by
t = Rn −Rp =
∞∫
−∞
(
nn
nnL
− np
npL
)
dz . (36)
Using the relations
nnL =
1
2nL (1 + δL) ; npL =
1
2nL (1− δL) (37)
the neutron skin thickness can be expressed in the equivalent form
t =
2δL
nL(1− δ2L)
∞∫
−∞
n
(
δ
δL
− 1
)
dz . (38)
Were the neutron and proton density distributions describable by Fermi functions defined by half-
density radii zn,p and diffuseness parameters an,p:
nn,p =
n(n,p)L
1 + e(z−zn,p)/an,p
, (39)
the skin thickness would be t ∼= zn − zp, to lowest order in the diffuseness parameters an,p. We
note that the definition of skin thickness might be problematic in finite nuclei where there are
often oscillations of the density profiles near the center. In this case, the skin thickness is better
expressed as the difference between the neutron and proton rms radii 〈r2n,p〉1/2. To lowest order in
diffuseness corrections, one finds that δR = 〈r2n〉1/2 − 〈r2p〉1/2 ∼=
√
3
5 t.
1. Potential Models
The Euler-Lagrange equations (32) and (33), multiplied respectively by n′ and α′, then added
and integrated, yield
(Qnn+2Qnp+Qpp)
(n′)2
8
+ (Qnn− 2Qnp+Qpp)(α
′)2
8
+ (Qnn−Qpp)n
′α′
4
= HB −µn−µαα . (40)
This equation holds even in the case in which the Q’s are density-dependent. The right-hand
side of this equation is the bulk thermodynamic potential density, ΩB/V = −PB , where PB =
n2[∂(HB/n)/∂n] is the bulk pressure. Note from Eq. (40) that the bulk and gradient terms
contribute equally to the surface tension in Eq. (34), which can therefore be written as
σ(δL) = 2
∞∫
−∞
[HB − µn− µαα] dz . (41)
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To lowest order the bulk Hamiltonian should be quadratic in the neutron excess δ:
HB = HB(n, δ = 0) + Esym(n)nδ2 . (42)
Since the bulk pressure vanishes for z → −∞, the chemical potentials, to second order in δL, are
µn = −B + SvδL (2− δL) , (43)
µp = −B − SvδL (2 + δL) , (44)
where B ≡ −HB(n0, δ = 0)/n0 is the symmetric matter bulk binding energy per particle. Therefore
the surface tension becomes
σ(δL) = 2
∞∫
−∞
[
HB(n, δ = 0) + n
(
B + δ2Esym(n) + δ
2
LSv − 2δδLSv
)]
dz . (45)
We are interested in evaluating this in the case that δL is small so that we can take Qnn = Qpp; this
is exactly true for standard Skyrme Hamiltonians and approximately so for the APR Hamiltonian.
It is also reasonable in this case to use Eq. (40) with (α′)2 set to zero which results in a quadrature
formula for the surface density profile:√
Qnn +Qnp dn = 2
√HB − µn− µαα dz . (46)
Utilizing this result, Eq. (45) can now be written as
σ(δL) =
√
Qnn +Qnp
nL∫
0
[
HB(n, δ = 0) + n
(
B + δ2Esym(n) + δ
2
LSv − 2δδLSv
)]1/2
dn . (47)
Again setting Qnn = Qpp, neglecting derivatives of α and further assuming that the dependence of
the Q’s on α can be neglected, the right hand side of Eq. (33) is zero so that
4Esym(n)δ ≃ µn − µp . (48)
Using Eqs. (43) and (44) this gives the useful result
δ
δL
=
Sv
Esym(n)
. (49)
(Note that the use of Eq. (48), which is strictly valid to order δ in bulk matter, requires that the
variation of δ in the surface tracks its behavior in the bulk.) Substitution of these relations in Eq.
(47) yields the quadrature
σ(δL) =
√
Qnn +Qnp
nL∫
0
[
HB(n, δ = 0) + nB − nSvδ2L
(
Sv
Esym(n)
− 1
)]1/2
dn . (50)
Then the surface tension of symmetric semi-infinite matter is
σ0 ≡ σ(δL = 0) =
√
Qnn +Qnp
nL∫
0
[HB(n, δ = 0) + nB]1/2 dn , (51)
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and expansion of the argument of the integral in Eq. (50) allows us to write the surface symmetry
parameter in the convenient form
σδ =
Sv
2
√
Qnn +Qnp
nL∫
0
n
[
Sv
Esym(n)
− 1
]
[HB(n, δ = 0) + nB]−1/2 dn . (52)
Our results will be given in terms of the surface energy Es = 4πr
2
0σ0 and the surface symmetry
energy Ss = 4πr
2
0σδ, where (4πr
3
0/3)(0.16 fm
−3) = 1. It is often useful to eliminate the Q’s by
forming the ratio of Eqs. (52) and (51). This yields
Ss
Sv
=
Es
2
nL∫
0
n [Sv/Esym(n)− 1] [HB(n, δ = 0) + nB]−1/2 dn
nL∫
0
[HB(n, δ = 0) + nB]1/2 dn
. (53)
This equation and Eqs. (51) and (52) are central to the results to be presented in Sec. IV below.
Finally, the profile equation (40) and the relation for δ, Eq. (49), can be employed in the expression
(38) to yield the relation
t =
1
nL
2δL
(1− δ2L)
σδ
Sv
(54)
between the skin thickness and the surface tension that was conceived in the droplet model [29,
30, 31] and later shown [5] to be quite general.
The analytical description of the nuclear surface based on the leptodermous expansion was
pioneered by Myers and Swiatecki [29] and developed further in several works [5, 28, 30, 31, 32].
Our analysis here offers a convenient expression for Ss/Sv (Eq. (53)) in terms of the energy density
functional for isospin symmetric infinite nucleonic matter.
2. Field Theoretical Models
For spatially non-uniform semi-infinite isospin asymmetric matter, the Euler-Lagrange equations
corresponding to the Lagrangian (13) yield the meson and baryon field equations
σ′′0 = m
2
σσ0 − gσns +
κ
2
g3σσ
2
0 +
λ
6
g4σσ
3
0 − g2ρρ20
∂f
∂σ0
, (55)
ω′′0 = m
2
ωω0 − gωn+
ζ
6
g4ωω
3
0 + g
2
ρρ
2
0
∂f
∂ω0
, (56)
ρ′′0 = m
2
ρρ0 − 12gρα+ 2g2ρρ0f +
ξ
6
g4ρρ
3
0 , (57)
0 =
(
i∂/− gωω0γ0 + 12gρρ0γ0 −M + gσσ0
)
ψn , (58)
0 =
(
i∂/− gωω0γ0 − 12gρρ0γ0 −M + gσσ0
)
ψp , (59)
where primes indicate derivatives with respect to z, the subscript “0” indicates that the mean field
approximation has been used and ρ0 refers to the mean field of the neutral rho meson. We shall
adopt the Thomas-Fermi approximation since it provides a reasonably accurate simplification of
the Hartree approach [26]. Here the meson fields are assumed to vary sufficiently slowly that the
nucleons can be regarded as moving in locally constant fields at every point in space. Thus the
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Fermi momenta and the effective mass depend upon z, i.e., kFn(z), kFp(z) and M
∗(z). The local
neutron, proton and scalar densities at a given z are then
nn =
k3Fn
3π2
; np =
k3Fp
3π2
,
ns = 2
kFn∫
0
d3k
(2π)3
M∗√
k2 +M∗2
+ 2
kFp∫
0
d3k
(2π)3
M∗√
k2 +M∗2
, (60)
respectively. The energy eigenvalues of the Dirac equations for the neutron and proton fields are
en (k) =
√
k2 +M∗2 + gωω0 − 12gρρ0 ; ep (k) =
√
k2 +M∗2 + gωω0 +
1
2gρρ0 , (61)
respectively. The local Thomas-Fermi Hamiltonian density is then
H(z) = 1
2
(
σ′20 +m
2
σσ
2
0
)
− 1
2
(
ω′20 +m
2
ωω
2
0
)
− 1
2
(
ρ′20 +m
2
ρρ
2
0
)
+
κ
6
(gσσ0)
3 +
λ
24
(gσσ0)
4
− ζ
24
(gωω0)
4 − ξ
24
(gρρ0)
4 − g2ρρ20f + 2
kFn∫
0
d3k
(2π)3
en + 2
kFp∫
0
d3k
(2π)3
ep . (62)
Note that, in contrast to the nonrelativistic case, the energy density is not simply expressible in
terms of just the baryon densities and their gradients. The ground state of the system is obtained
by minimizing H(z)−µnnn−µpnp with respect to the local Fermi wavenumbers kFn(z) and kFp(z).
The Lagrange multipliers (chemical potentials) that fix the number of neutrons and protons are
then
µn = en(kFn) ; µp = ep(kFp) . (63)
The algebraic nature of these two coupled equations relating the neutron and proton density profiles
to the meson fields stems from the Thomas-Fermi approximation.
In order to obtain the density profiles nn(z) and np(z), Eqs. (55)–(57) and (63) are supplemented
by the boundary conditions
σ0(−L) = σ0L , ω0(−L) = ω0L , ρ0(−L) = ρ0L ,
σ0(L) = 0 , ω0(L) = 0 , ρ0(L) = 0 ,
}
L→∞
where the subscript “0L” indicates values of the fields in equilibrium at the specified neutron excess
δL. (Note that the meson fields are finite, but exponentially small, in regions of space where the
baryon density vanishes as prescribed by the Thomas-Fermi approximation.) These conditions
guarantee that the derivatives of the fields vanish at the boundaries. In practice, we impose these
conditions at points (−L,L) that are sufficiently far from the surface to ensure that the surface
energy is unchanged by small variations in L.
The numerical solution of the differential equations requires some care because of their behavior
at the boundaries. We find it best to use a relaxation method. Starting with small values for the
field derivatives, we integrate from −L outwards. The integration has to be stopped when one of
the fields becomes negative, say at L1 > −L. This solution can then be used as an initial guess
for relaxation in the region (−L2, L2), where L2 = (L1 + L)/2. After convergence is obtained, L2
can be increased by a small amount and the relaxation applied again until the field derivatives are
sufficiently small to ensure that the surface tension remains stationary.
The determination of the density profiles enables the calculation of the surface tension. In
the non-relativistic case Eq. (40) showed that the bulk and gradient terms in the Hamiltonian
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density gave equal contributions to the surface tension. A similar result can be obtained here by
multiplying Eqs. (55)–(57) by the derivative of the appropriate field with respect to z, combining
the equations and integrating. This gives
HB − µn− µαα = 12
(
σ′ 20 − ω′ 20 − ρ′ 20
)
, (64)
where HB denotes the bulk Hamiltonian, namely the non-derivative terms in Eq. (62). Thus we
can employ Eq. (41) to calculate the surface tension here also. However, it is not possible to reduce
the calculation of the surface energy to a simple quadrature over the density since here derivatives
of three fields are involved. Note that in the relativistic case the Q’s are the coefficients of the field
gradients with
Qσσ = −Qωω = −Qρρ = 1 , (65)
all other coefficients being zero.
B. Relationship to the Liquid Droplet Model of Nuclei
The empirical liquid droplet approach, originally formulated in Ref. [29], provides a useful
framework for the description of nuclei in the equation of state relevant for astrophysical simulations
of supernovae and neutron stars. The droplet approach for isolated nuclei can be easily extended to
the case in which nuclei are immersed in a dense medium comprised of electrons, positrons, protons,
neutrons and alpha particles [28]. Historically, the parameters of the droplet model have been
established from fits to binding energy data for laboratory nuclei (cf., Ref. [29]). Although such
fits cannot independently establish reliable values for the volume and surface symmetry coefficients,
they can determine a strong correlation between them. This correlation, however, depends on the
formulation of the droplet model.
The simplest droplet model consists of an extension of the Bethe-von Weizsa¨cker liquid drop
model to incorporate the surface asymmetry. As demonstrated by Myers and Swiatecki [29], the
nuclear energy can be written as
E(A,Z) = −BA+ EsA2/3 + SvA (1− 2Z/A)
2
1 + (S∗sA
−1/3/Sv)
+ EC
Z2
A1/3
+Edif
Z2
A
+ Eex
Z4/3
A1/3
+ a∆A−1/2. (66)
In this expression, B ≃ 16 MeV is the binding energy per particle of bulk symmetric matter
at saturation, Es, EC , Edif and Eex are coefficients for the surface energy of symmetric matter,
the Coulomb energy of a uniformly charged sphere, the diffuseness correction and the exchange
correction to the Coulomb energy, respectively. The last term represents pairing corrections, where
∆ is a constant and a = +1 for odd-odd nuclei, 0 for odd-even nuclei, and −1 for even-even nuclei.
The effects of curvature and higher-order terms are neglected. The quantity S∗S is related to Ss as
described below.
Care must be taken in making the assumption that the surface energy scales as A2/3 and the
Coulomb energy as Z2A−1/3. Physically, the Coulomb energy scales as Z2/Rp. The surface energy
scales with the surface area, but its definition depends on the exact radius of the surface and is
therefore ambiguous [28]. Nevertheless, the total of the bulk plus surface energies is unambiguous.
This ambiguous splitting of the bulk and surface energies can be resolved if the surface thermo-
dynamic potential is used instead of the surface energy. In what follows, we describe two ways in
which this can be done.
18
1. “µn” Approach
In this approach developed by Lattimer et al. [28], Rp is used as the reference surface. This
choice was made since the Coulomb energy is naturally expressed in terms of this radius. Since,
in general, Rn > Rp, the bulk energy of an additional Ns neutrons in the neutron skin has to be
included. The diffuseness and Coulomb exchange corrections are also naturally expressed in terms
of Rp. These definitions allow the mass formula to be simply written in terms of the variables A
and I = 1− 2Z/A. However, the connection between Rp and A depends on the density (assumed
to be uniform and equal to nL) of the bulk interior fluid. This results in the modified surface
symmetry energy parameter
S∗s = 4π
(
3
4πn0
)2/3
σδ (67)
where the true saturation density n0 is used in place of the fiducial density of 0.16 fm
−3. Different
parameterizations of the nuclear force predict different values for the saturation density, and con-
sequently for the interior densities nL in nuclei. Using R to refer to Rp in this approach, the total
droplet energy becomes
E(A,Z) = (−B + Svδ2L)(A −Ns) + 4πR2σ(µsn) + µsnNs
+
3Z2e2
5R
− π
2Z2e2d2
2R3
− 3Z
4/3e2
4R
(
3
2π
)2/3
+ a∆A−1/2 , (68)
where explicit expressions for EC , Edif and Eex have been substituted. The quantity d ≈ 0.55 fm is
the surface diffuseness parameter. Note that the bulk energy per baryon in the interior, expanded
to second order in δL, is −B+Svδ2L, and that the total surface energy is 4πR2σ(µsn)+µsnNs, where
the surface thermodynamic potential per unit area σ is a function of the surface neutron chemical
potential µsn. Technically, the surface tension is a function of both µn and µp, but if Coulomb and
other finite-size effects are neglected, the matter pressure vanishes throughout the surface and µn
and µp can each be expressed as a unique function of δL. Thus, the surface tension in this limit can
be expressed as a function of only one chemical potential. Since by definition only neutrons exist in
the neutron skin, it is appropriate to take the surface tension as a function of µn. Minimizing the
total energy with respect to µsn requires that µn be the same in the surface as in the bulk interior,
and its value is thus given by Eq. (43). The function σ(µsn) is determined through the auxiliary
variable δL using σ = σ0−σδδ2L. The number of surface neutrons follows from minimizing the total
energy with respect to Ns and leads to the thermodynamic identity
Ns = −4πR2∂σ(µn)
∂µn
= 4πR2
σδδL
Sv(1− δL) . (69)
Noting that the local asymmetry in the bulk interior is
δL =
A−Ns − 2Z
A−Ns , (70)
one has that Ns = A(I − δL)/(1− δL), where the global asymmetry is I = (N − Z)/A. Thus, it is
possible to establish that
δL = I
[
1 +
4πR2σδ
SvA
]−1
. (71)
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In order to express the modified liquid droplet energy in terms of A and I, it is necessary to
relate the nuclear proton radius R to A, the interior density nL and the asymmetry I. This is
accomplished with the implicit relation
4π
3
R3nL = A−Ns = A 1− I
1− δL = A(1− I)
[
1− AI
A+ 4πR2σδ/Sv
]−1
. (72)
This is a quintic equation for R. It is convenient to write its solution in terms of a function
v(A, I, nL) such that
R = r0[Av(A, I, nL)(0.16 fm
−3)n−1L ]
1/3 , (73)
where, as before, (4πr30/3)(0.16 fm
−3) = 1. We also define Ss = 4πr
2
0σδ to provide a measure of
the surface symmetry parameter that is independent of the interior density, unlike S∗s in the simple
liquid droplet model. In the case of symmetric matter, the quantity v(A, I, nL) would simply equal
unity; for asymmetric matter, it also contains the effects of the neutron skin. The implicit equation
for v becomes
(v − 1)(1 + αv2/3 − I) = −αIv2/3 , (74)
where
α =
Ss
SvA1/3
(
0.16 fm−3
nL
)2/3
. (75)
In practice, solving the quintic equation for v can be avoided by employing its expansion
v = 1− α
1 + α
I − α
(1 + α)3
(
1 +
1
3
α
)
I2 − α
(1 + α)5
(
1 +
2
3
α+
2
3
α2 +
1
9
α3
)
I3 + . . . (76)
in terms of the small quantity I. Eliminating Ns, δL and R, and setting w = v(0.16 fm
−3)/nL, the
liquid droplet mass formula becomes
E(A,Z) = − BA+ 4πr20σ0(wA)2/3 + SvAI2
[
1 +
Ssw
2/3
SvA1/3
]−1
+
3e2Z2
5r0
(
1
wA
)1/3
− π
2Z2e2d2
2r30wA
− 3Z
4/3e2
4r0
(
3
2π
)2/3 ( 1
wA
)1/3
+ a∆A−1/2. (77)
For a given A and Z, therefore, the modified liquid droplet energy is a function of the six parameters
B,σ0, Sv, Ss, nL and ∆. The neutron skin thickness is given by
t =
2
3
r0w
v
Ss
Sv
δL
1− δ2L
with δL = I
[
1 +
Ssw
2/3
SvA1/3
]−1
. (78)
A shortcoming of the droplet model described above is it employs the surface tension along the
coexistence curve for which the pressure is zero and Coulomb effects are ignored. Thus, in a nucleus
with N = Z, it predicts that there should be no neutron skin. However, the Coulomb repulsion
of protons results in a lowering of the proton density inside the nucleus and the development
of a proton skin. The following section describes the approach adopted by Danielewicz [33] to
incorporate this Coulomb effect in the droplet model.
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2. “µα” Approach
In this approach, the surface tension is parameterized in terms of µα ≡ (µn − µp)/2 instead of
µn. The quantity µα is antisymmetric in neutrons and protons. In this way, the physical feature
that the proton chemical potentials in the two bulk phases across a boundary differ is captured.
Since neutrons and protons are treated symmetrically, the surface term µsnNs in the mass formula
(68) is replaced by
(µsn + µ
s
p)(Ns + Zs)/2 + (µ
s
n − µsp)(Ns − Zs)/2 . (79)
The surface thermodynamic potential is to be treated as function of µsα alone. A result of these
definitions is that minimization of the total energy with respect to µsn − µsp and µsn + µsp results in
the surface asymmetry density being proportional to Ns−Zs ∝ ∂σ/∂µsα, whereas the total surface
density is proportional to Ns + Zs ∝ ∂σ/∂µs and will vanish. Thus, Zs = −Ns in this approach.
In addition, the nuclear radius now satisfies 4πR3nL/3 = A.
The possibility that Zs protons exist in the surface must be taken into account in the Coulomb
energy. Then the Coulomb energy becomes
3e2
5R
[
Z2 − ZZs
3
+ · · ·
]
, (80)
to which diffuseness and Coulomb exchange corrections must be added. We note that Danielewicz
[33] kept an additional term in the expansion in Zs/Z, but this has only a marginal effect on the
results. Minimizing the total energy
E(A,Z) = ( −B + Svδ2L)(A−Ns − Zs) + 4πR2σ(µsα) + µs(Ns + Zs) + µsα(Ns − Zs)
+
3Z2e2
5R
(
1− Zs
3Z
)
− π
2Z2e2d2
2R3
− 3Z
4/3e2
4R
(
3
2π
)2/3
+ a∆A−1/2 , (81)
with respect to Ns − Zs results in
µsα = 2SvδL −
e2Z
10R
. (82)
Using
σ = σ0 − σδ(µsα/2Sv)2 , (83)
one finds that
Ns − Zs = 4πR2σδ µ
s
α
2S2v
= αA(δL − β)
= A(I − δL) = αAI − β
1 + α
, (84)
δL =
I + αβ
1 + α
, (85)
where α = 4πR2σδ/(SvA) has the same definition as in Eq. (75) and β = e
2Z/(20RSv). The
neutron skin thickness is
t = Rn −Rp = 2
3
R
Ns − Zs
A(1− δ2L)
=
2
3
r0
u0
Ss
Sv
δL − β
1− δ2L
, (86)
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where u0 = nL/0.16 fm
−3. This shows explicitly how the Coulomb repulsion reduces the skin
thickness. Finally, the total energy can be written as
E(A,Z) = −BA+ 4πr20σ0
(
A
u0
)2/3
+ SvA
I2 + αβ(2I − β)
1 + α
+
3e2Z2
5r0
(
u0
A
)1/3 [
1− 5π
2d2
6r20
(
u0
A
)2/3
− 5
4
(
3
2πZ
)2/3]
+ a∆A−1/2 . (87)
IV. RESULTS
A. Selection of Models and Their Parameters
In this section, we wish to establish some generic trends that emerge from calculations based
on the potential model Hamiltonian in Eq. (2) and the field theoretical Lagrangian in Eq. (13).
Toward this end, the various coupling strengths that enter in these two approaches are chosen so
as to reproduce the empirical properties of
equilibrium binding energy : B = −16± 1 MeV ,
equilibrium density : n0 = 0.16 ± 0.01 fm−3 ,
incompressibility : K = (200 − 300) MeV ,
Landau effective mass : m∗L = (0.6 − 1.0) M , and
symmetry energy : Sv = (25− 35) MeV . (88)
In the case of potential models, calculations of nuclei are performed using the Hartree-Fock-
Bogoliubov approach [21] that includes pairing interactions. Hartree calculations [34] are employed
in the field theoretical approach, as a treatment of the exchange (Fock) terms is considerably more
complicated than in the potential model approach. In both approaches, we require that the binding
energy and the charge radii of closed-shell nuclei are reproduced to within 2% of the measured
values. The scalar meson mass in the field theoretical approach was restricted to lie between 450
and 550 MeV. Insofar as fits to the valence single particle energies of closed shell nuclei are known
to require a detailed treatment of correlations beyond the mean field level (such as short range and
RPA correlations [35] that are not considered here) we have chosen to tolerate slight deviations
from the measured energies. We note, however, that Todd and Piekarewicz [36] have discussed
a correlation between the neutron radius of lead and the binding energy of the valence orbitals.
They found that smaller neutron radii lead to last occupied neutron orbitals that are more weakly
bound, and therefore smaller neutron drip densities.
In all cases considered the supranuclear EOS was constrained to yield a maximum neutron
star mass of at least 1.44M⊙, the larger of the accurately measured neutron star masses in the
double neutron star binary PSR1913+16 (see Ref. [37] for a compilation of known masses). This
constraint resulted in the elimination of several non-relativistic models in which either the pressure
decreased as a function of increasing density (e.g. SkP [38]) or the proton (and hence the electron)
fraction vanished at a finite supranuclear density (e.g. SkT3 [39]). In the latter case, the condition
of beta-equilibrium requires positrons and anti-protons which potential models cannot account for
in a natural manner. Recently, a systematic study of potential models has been performed by
Stone et al. [40] who adopt a similar procedure to select among 87 Skyrme parameterizations. In
addition to imposing the constraints in Ref. [40] for potential models, we have also removed all
models that do not have reasonable values for the Landau parameters at saturation density [41].
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Since few relativistic models meet our criteria, we have generated a new class of relativistic
models, es25, es275, es30, es325 and es35 with the Lagrangian of Eq. (13). In these models only
a2 and b1 in Eq. (15) were allowed to be non-zero. They were designed to meet our restrictions
while offering some variation in the value of the symmetry energy. We have also exploited the
full freedom of the function f in Eq. (15) to produce models SR1, SR2 and SR3 for which the
symmetry energy has a substantially weaker density dependence than in typical relativistic models.
This leads to a smaller skin thickness. Note that es25 and es275 also have smaller skin thicknesses
than typical.
A list of all of the models used in this work together with their saturation properties, surface
energies, and skin thicknesses is given in Table V in Appendix A. In Appendix B the coupling
strengths of models SR2, es25, es30, and es35 are listed in Tables VI, VII, VIII, and IX, respectively.
Results for the EOS of APR
We present here results for nuclei and semi-infinite matter obtained with the potential (NRAPR)
and field-theoretical (RAPR) model fits to the EOS of APR. These models satisfy all of the con-
straints mentioned above. The values obtained for the binding energy/particle and the charge radii
of closed-shell nuclei are given in Table IV. The results of the two models differ by at most a few
percent and compare quite well with the data. This agreement is gratifying insofar as the EOS of
APR was obtained from many-body theory without reference to nuclei. The experimental situation
regarding skin thickness is quite model dependent and we show a few representative values in Table
IV. In agreement with the prediction, most of the recent extracted values for the skin thickness in
40Ca are small and negative (however positive values were obtained in earlier work, see the review
of Batty et. al. [42]). For 90Zr the skin thickness is predicted to be 0.084, on average, which is
close to the central experimental value. In 208Pb the theoretical value ∼ 0.2 is at the upper end of
current experimental estimates.
TABLE IV: Comparison of results from the potential and field theoretical approximations to the APR
equation of state with experimental data for selected closed-shell nuclei.
Nucleus Property Experiment Potential Field-theoretical
208Pb Charge radius (fm) 5.50 [43] 5.41 5.41
Binding energy per particle (MeV) 7.87 [44] 7.87 7.77
Skin thickness (fm) 0.12± 0.05, 0.20± 0.04 0.19 0.20
[10, 45]
90Zr Charge radius (fm) 4.27 [43] 4.18 4.17
Binding energy per particle (MeV) 8.71 [44] 8.88 8.65
Skin thickness (fm) 0.09± 0.07 [46] 0.075 0.093
40Ca Charge radius (fm) 3.48 [43] 3.40 3.34
Binding energy per particle (MeV) 8.45 [44] 8.89 8.61
Skin thickness (fm) −0.06± 0.05, −0.05± 0.04 −0.044 −0.046
[10, 47]
In Fig. 4 the neutron and proton density distributions for 208Pb calculated with the NRAPR
and RAPR models are seen to agree reasonably well with each other. These results are compared
with the corresponding results of semi-infinite matter calculations which also agree reasonably
well amongst themselves. There is, however, a noticeable enhancement of the relativistic densities
compared to the non-relativistic ones at the onset of the surface region (r ∼ 5.3 fm). In order to
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FIG. 4: Calculated neutron and proton density distributions for 208Pb and for semi-infinite matter. The
inset compares the calculated charge distributions with data [48].
specify δL for the semi-infinite matter calculation, the neutron and proton densities were averaged
from the center of the lead nucleus (for each case) out to 2/3 of its rms charge radius. This procedure
smooths the oscillations in the calculated density distributions and roughly takes into account the
effects of short range and RPA correlations [35]. Note that semi-infinite matter calculations in
the Thomas Fermi approximation are inherently unreliable in the tail of the distribution. The
inset shows that the comparison between the calculated charge distributions and the data [48] is
comparable to that of other calculations performed at the Hartree-Fock-Bogoliubov (for potential
models) or Hartree (for field-theoretical models) mean field level [15, 22].
Figure 5 shows neutron and proton density profiles from semi-infinite matter calculations for
a range of δL’s for the NRAPR and RAPR fits to the EOS of APR. The isospin dependence of
the profiles generally matches well with that of the semi-infinite matter profiles calculated directly
from the EOS of APR. Values of δL larger than about 0.3 (not considered for the RAPR case)
necessitate the presence of dripped neutrons since the neutron chemical potential is positive. Hence
the neutron density remains finite as z →∞.
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FIG. 6: Left: The ratio of surface to volume contributions, Ss/Sv, to the total symmetry energy calculated
from finite nuclei versus that calculated from semi-infinite matter. Right: The ratio Ss/Sv calculated from
the semi-analytic approximation, Eq. (52), versus that obtained from semi-infinite matter using Eq. (41).
In both panels, the downward (upward) pointing triangle is the result for the NRAPR (RAPR) model.
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√
3/5 t
derived from semi-infinite nuclear matter (right panel).
B. Semi-infinite matter and finite nuclei
Figure 6 compares different methods of calculating the ratio of the surface to the volume sym-
metry energy, Ss/Sv. The left panel shows the values calculated from nuclei using Eq. (78) (with
δL specified by the averaging procedure described earlier) plotted against semi-infinite matter re-
sults from Eqs. (41) and (35). The latter values are expected to be the most reliable. The right
panel shows the semi-infinite matter results from the approximate relation in Eq. (52) (using,
however, exact expressions for the Hamiltonian and the symmetry energy) plotted against the
exact semi-infinite results described above. For field-theoretical models, the factor
√
Qnn +Qnp
needed in Eq. (52) is calculated from Eq. (46). In this figure, and in the following figures, potential
(field-theoretical) model results are denoted by filled squares (circles). The circled triangles give
the APR results from the two fits. There is some scatter about the straight line that indicates
perfect agreement between these methods, but the correlation is sufficiently good that it validates
the expressions we have used for this ratio. Notice that, apart from the newly constructed SR1,
SR2, and SR3 models, the field-theoretical models tend to have a larger value of Ss/Sv than the
non-relativistic models.
In Fig. 7 we display the correlation between Ss/Sv and the neutron skin thickness δR, or
equivalently
√
3/5 t. In the left panel these quantities are derived from nuclei, whereas for the
right panel they are obtained from semi-infinite matter calculations. For the latter, the definition
of t in Eq. (36) is employed with δL obtained from the lead nucleus (see above). Both panels
display a good linear correlation, as suggested by Eq. (54), and the aforementioned tendency of
field-theoretical models to have larger values of Ss/Sv translates into a tendency toward larger
values for the skin thickness.
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C. Correlations and Their Origins
In this section, we analyze in some detail the correlations that exist between quantities that are
accessible through either laboratory experiments or astronomical observations that shed light on
isospin-dependent interactions in nucleonic matter. Our emphasis will be on uncovering the causes
of these correlations.
1. Nuclear masses and the correlation between Ss and Sv
FIG. 8: Correlations in the symmetry energy parameters from liquid droplet fits to nuclear binding energies.
The left (right) panel is for the ‘µα’ (‘µn’) method. Filled-in contours refer to the droplet models that have
average errors 0.01, 0.02 and 0.03 MeV/baryon, respectively, above the minimum values (marked by plus
signs). The thick solid (dashed) line lies on the minimum χ2 valley for our (Danielewicz’s) droplet models.
Contours of skin thicknesses (δR) are shown for our droplet models; corresponding values are indicated on
Danielewicz’s correlation with solid dots. The open circles indicate the minimum point found by Møller et
al. [49].
The formalism for the modified liquid droplet models was discussed in Subsec. III B. Each
model has six parameters and we wish to study the correlation between the volume and surface
symmetry parameters, Sv and Ss (see also Lattimer and Swesty [50]). Therefore as a function of
Sv and Ss, we have minimized the quantity
χ2 =
n∑
i
(EDi − Ei)2/n , (89)
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with respect to the other four parameters. Here EDi and Ei are the data [44] and model energies
of the ith nucleus and n = 2841 is the number of nuclei included in the fit (only experimentally
determined masses with A ≥ 20 are included; the results for a smaller set of nuclei with A ≥ 40
are not significantly different). In either case, a nearly linear behavior is found for the contour of
minimum χ2 between Ss/Sv and Sv, as shown in Fig. 8. The equations describing the correlations
are given by
Ss/Sv = −5.253 + 0.254Sv for µα method ,
Ss/Sv = −3.453 + 0.163Sv for µn method . (90)
The best-fit values of Sv and Ss/Sv are about 27.3 (24.1) MeV and 1.68 (0.545), respectively, for
the ‘µα’ (‘µn’) methods for the modified droplet models.
A relevant question is the range over which values of Sv and Ss provide fits that differ by a
statistically insignificant amount from the best fit. Traditional mass formula fits were developed to
assist in interpolating within or to extrapolate to nearby regimes outside the ranges of measured
nuclear masses. The experimental errors of measured masses are of order keV’s per nucleus, so
interpolations to the same accuracy are desirable. However, for many astrophysical applications,
which involve extrapolations to ranges of A and Z well beyond the measured ranges, a model
accuracy of a few hundredths of an MeV/baryon would be acceptable. Such an error in the
computed energy per particle of a nucleus would translate into a similar error in the neutron or
proton chemical potentials. Errors in chemical potentials generated by the use of the “single-
nucleus” approximation, an essential assumption of liquid droplet high-density EOS models, are of
order T/A [51], or several hundredths of an MeV, for example.
At the best fit for the droplet models, for which the value of χ2 is χ20 ≃ 6, the mean difference,
or error, between the experimental and predicted nuclear energy per baryon is δ ≃ 0.028 MeV,
where δ is defined by
χ20 =
n∑
i
(riδAi)
2/n , (91)
and ri is a random number between −1 and 1. Therefore, increasing the mean error by a further
amount ǫ per baryon would increase χ2 to a value
χ2 =
n∑
i
[ri(δ + ǫ)Ai]
2/n . (92)
Contours of mean errors ǫ of 0.01, 0.02 and 0.03 MeV per baryon above the minimum are shown in
Fig. 8. For the ‘µn’ modified droplet model, and for an additional mean error of 0.01 MeV/baryon,
the allowable excursions in Sv are about (+5,−4) MeV, and in Ss/Sv, about (+0.9,−0.5), even
though the excursions must be constrained by the obvious correlation. However, for the ‘µα’ model,
the allowed excursions in parameters are much larger. It is apparent that fitting nuclear energies
alone cannot constrain these parameters, even though a relatively tight correlation between them
exists.
The origin of the correlations in Fig. 8 can be most easily understood by examining the func-
tional form of the total symmetry energy in the simple droplet model:
Esym(A, I) = SvAI
2
[
1 +
S∗s
SvA1/3
]−1
. (93)
Assuming that a linear correlation S∗s/Sv = a+ bSv exists between the parameters, minimization
of Eq. (93) with respect to Sv yields
a = −
〈
A−1/3
〉−1
= −5.31 , (94)
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where the average is mass-weighted over the entire range of nuclear masses used in this study.
Noting that
Esym
A
=
I
4
(
µn − µp + 2ECZA−1/3 + 2EdifZA−1 + 43EexZ1/3A−4/3
)
, (95)
where µn − µp can be taken directly from nuclear masses as
µn − µp ≃ 12 [E(N + 1, Z)− E(N − 1, Z)− E(Z + 1, N) + E(Z − 1, N)] , (96)
one can estimate the average symmetry energy, from which it follows that
b =
〈
I2
〉〈Esym
A
〉−1 〈
A−1/3
〉−1 ≃ 0.223 . (97)
Thus, one has almost precisely the linear relation shown in Eq. (90) for the ‘µα’ droplet correlation.
A method similar to the ‘µα’ method was suggested by Danielewicz [33]. His results resemble
ours, but slight differences in the formulation exist, the most notable being that we account for
variation of the central nuclear density in the fitting (i.e., the ratio nL/0.16 fm
−3 ≡ u0 in Eqs.
(75), (86) and (87)). In addition, Ref. [33] fitted parameters with an absolute energy deviation
minimization, rather than the minimization of χ2 that we employ. Danielewicz determined best-fit
values of Ss/Sv ≃ 1.7 and Sv ≃ 27 MeV and found a correlation slope of 0.32 (compared to 0.25
in our study); Danielewicz’s fit is indicated by the dashed lines in Fig. 8. We have reproduced
Danielewicz’s model fits by employing his stated procedures. It is evident that the position of
the minimum and the slope of the correlation are affected by differences in the fitting procedure
and the droplet formulae. Nevertheless, to within an average error of 0.005 MeV/baryon, the
differences found are not significant. Importantly, Ref. [33] found, as do we, that large excursions
in parameter space are not excluded within the droplet model. The range of allowed excursions
are much smaller for the ‘µn’ modified droplet model.
It is interesting that the model of Møller et al. [49] gives Sv = 30.8 MeV and Ss/Sv = 1.62.
This point is indicated by a small open circle in the left and right panels of Fig. 8. Clearly it
lies much closer to the ‘µn’ droplet correlation than the ‘µα’ correlation. Although this point is
displaced from the position of the best fit for the ‘µn’ correlation by over 6 MeV in Sv, its average
error differs from the best fit by less than 0.02 MeV/baryon. In contrast, this point differs by about
0.04 MeV/baryon from the best fit established with the ‘µα’ correlation. We note that the model
of Ref. [49] contains several additional effects compared to our modified droplet model, including
terms representing compression, curvature, deformation and shell effects. It is thus not surprising
that the best-fit parameters differ. However, in spite of the fact that the ‘µα’ approach contains
Coulomb corrections to the surface tension while the ‘µn’ approach does not, the notable feature
is that the model of Møller et al. seems more consistent with the ‘µn’ model than the ‘µα’ model.
We also compare the volume and surface symmetry coefficients determined for the potential and
field-theoretical models developed in this paper with those of the published models utilized here and
with the results of mass formula fits to nuclear energies. The parameters of the models developed
in this paper have been fit to only four closed shell nuclei, while many of the previously-published
forces have been fit to properties of a wider range of nuclei that span a larger range of asymmetries
and masses. Thus, we anticipate that a correlation established from mass fits should be apparent
when comparing previously-published forces, but not necessarily by the forces developed in this
paper. This is precisely what is found, as indicated in Fig. 9. It is important to note that most
of the previously-published models follow the correlation of the ‘µn’ modified droplet model as
opposed to the steeper ‘µα’ droplet correlation. This is in spite of the fact that the ‘µα’ model
takes into account the polarization of the nuclear interior due to Coulomb forces which the ‘µn’
model ignores.
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FIG. 9: The ratio of the surface and volume coefficients of the symmetry energy versus the volume coefficient
for the models used in this work. The closed symbols show the exact values obtained from a quadratic fit
to the surface tension in semi-infinite nuclear matter, whereas the open symbols use the value of Ss/Sv
obtained via Eq. (52). The solid (dot-dashed) line is the linear correlation from the ‘µn’ (‘µα’) droplet
model Eq. (90) and the short-dashed line is the linear correlation from the droplet model of Ref. [33].
These results highlight a major difference between the traditional use of droplet mass formula
fits and that of current astrophysical applications. Historically, droplet mass formulae were used to
interpolate within known nuclei to establish relatively precise values. In astrophysics, however, it is
necessary to extrapolate to extreme conditions of asymmetry. Extrapolations depend significantly
upon the correlation between Ss/Sv and Sv. Given that the EOS’s in current applications to
supernova and neutron star matter are based on a modified droplet approach, it is necessary to
use consistent parameter sets obeying the proper correlation. Otherwise, connections between
quantities such as the neutron skin thickness and the neutron star radius could be incorrectly
interpreted.
Fig. 8 also displays the neutron skin thickness δR as a function of Ss and Sv for the two
approaches. In the ‘µn’ approach, if the dependence upon u0 were to be ignored, contours of fixed
δR would appear as horizontal lines since δR would be a function of Ss/Sv alone. This would also
be the case in the ‘µα’ approach, if the dependence upon both u0 and the Coulomb term β were
ignored. The dependence of δR on β is such that ∂(δR)/∂Sv < 0 if the u0 dependence is ignored,
implying a positive slope for the δR contours. Indeed, we find the slope of the δR contours is larger
in the ‘µα’ approach than in the ‘µn’ approach. However, Ref. [33] finds that the δR contours have
negative slope; this discrepancy remains to be resolved.
The relationship between the skin thickness and the ratio Ss/Sv was studied numerically using
a variational approach by Bodmer [52]. The results of his work can be understood from our
analytical analysis in Section III C. Ref. [52] also emphasizes the interplay between the symmetry
and Coulomb energies. Ignoring the latter, as in the ‘µn’ method, leads to larger values of δR.
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FIG. 10: The neutron skin thickness δR of finite nuclei versus the pressure of β-equilibrated matter at a
density of 0.1 fm−3.
2. The neutron skin thickness versus the pressure of subnuclear neutron-star matter
Typel and Brown [3, 4] have noticed a correlation between the skin thickness and the pressure
of pure neutron matter at a density of n = 0.1 fm−3. To the extent that this correlation can be
applied, a measurement of δR will help to establish an empirical calibration point for the pressure
of neutron star matter at subnuclear densities. Coupled with a neutron star radius measurement
(see the discussion below), that could allow the inference of the pressure at supranuclear densities,
the Typel-Brown correlation would be valuable in establishing the pressure–density relationship
over a wide range of densities inside neutron stars.
The connection between the neutron skin thickness and the symmetry energy has been known
from Bodmer’s work in the 60’s [53]. The Typel-Brown correlation between δR and P (5n0/8),
which is closely related to the derivative of the symmetry energy, demonstrates clearly the new
information that could be obtained by an accurate measurement of the skin thickness in 208Pb.
Typel and Brown considered a large set of Skyrme parameterizations including those that are
inadequate to describe neutron-star matter [40]. Such forces lead to small skin thicknesses. None
of the field-theoretical models considered in Ref. [4] yields a skin thickness smaller than 0.2 fm. By
using the function f in Eq. (13), we have constructed examples of field-theoretical models, SR1,
SR2, and SR3 which give skin thicknesses which are as small as those obtained from some potential
models (∼ 0.15 fm). Our models es25 and es275 also have small skin thicknesses. However, as
pointed out by Furnstahl [54], there are other possible ways in which this could be achieved,
including the addition of a δ meson or a more complete treatment of pions. If measurements in
208Pb give δR ≤ 0.15 fm, then Skyrme-like parameterizations have to be refined at high density to
properly describe neutron stars. By the same token, field-theoretical models will need modifications
to better describe low-density matter.
We show in Fig. 10 the relation between the skin thickness δR and the pressure of beta equili-
brated matter at 0.1 fm−3. We have verified that the correlation is similar also at a fixed fraction,
5/8, of the saturation density, for a variety of potential and field-theoretical models.
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Some insight into the origin of this correlation can be gained by examining how the beta-
equilibrated pressure Pβ (the abscissa in Fig. 10) and the neutron skin δR (the ordinate) vary with
quantities that depend upon isospin. The pressure of cold, beta-stable neutron-star matter can be
written as
Pβ(n, x) = n
2
[
E′(n, 1/2) + E′sym(n)(1− 2x)2
]
+ Pe + Pµ , (98)
where x = np/n is the proton fraction, E(n, 1/2) is the energy per particle of symmetric matter,
Esym(n) is the bulk symmetry energy (primes denote derivatives with respect to density), and the
last two terms give leptonic (electron and muon) contributions. For beta-equilibrated matter,
µn − µp = −∂E/∂x ∼= 4(1 − 2x)Esym(n)
= µe = µµ , (99)
where µe and µµ are the chemical potentials of the electron and muon, respectively. This relation,
together with the charge neutrality condition, np = ne + nµ, permits the evaluation of the equilib-
rium proton fraction. Since muons begin to appear in matter for n ≥ n0 [55], the only leptons at
subnuclear densities are electrons. The electron pressure is
Pe =
1
4neµe =
1
4nxµe
∼= nx(1− 2x)Esym(n) , (100)
where we have used ne = np for n ≤ n0 and Eq. (99). Utilizing this relation in Eq. (98), we can
write
Pβ(n, x) = P (n, 1/2) + n(1− 2x)Esym(n)
[
(1− 2x)d lnEsym(n)
d ln n
+ x
]
, (101)
where the first term is the pressure of symmetric nuclear matter. Thus, the total pressure can
be written at a particular density in terms of fundamental nuclear parameters. For densities at
or below saturation density, the equilibrium proton fraction, x˜ ≃ (4Esym/h¯c)3/(3π2n), is very
small so that the beta equilibrated pressure and the pure neutron matter pressure only differ by
a small amount that depends upon the symmetry properties of the force. Thus, for n ≤ n0,
Pβ(n) ∼= P (n, 1/2) + n2E′sym, where the second term provides the bulk of the contribution. Thus
an approximately linear correlation would result if in Fig. 10 δR were plotted against E′sym(n) at
densities n = 0.1 fm−3 or n = 5n0/8; such a plot is given in Ref. [56].
The dependence of δR on the isospin asymmetry can be seen explicitly in Eq. (78) for nuclei and
in Eq. (54) for the skin thickness of semi-infinite matter. The latter equation can be manipulated
to read
t =
2σ0
BnL
δL
(1− δ2L)
lim
ξ→1
d
dξ
1∫
0
u1/2 [hB(u, δ = 0) + ξB]
1/2 [Sv/Esym(u)− 1] du
1∫
0
u1/2 [hB(u, δ = 0) +B]
1/2 du
, (102)
where u = n/nL and hB(u, δ = 0) = HB(u, δ = 0)/n. Since t ∼=
√
5/3 δR, this relation illustrates
that the neutron skin of nuclei is proportional to a specific average of [Sv/Esym(u)− 1] in the
nuclear surface, the averaging function involving the square root of the energy per baryon of
isospin symmetric matter.
Equations (98) and (102) show that the density dependence of the symmetry energy is the
principal cause of the Typel-Brown correlation. We therefore display the symmetry energies for
the models considered in this work in Fig. 11. The thick line indicates the symmetry energy of
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FIG. 11: The symmetry energy versus density for various equations of state. Solid (dashed) lines are for
field-theoretical (potential) models. The thick solid line shows the APR symmetry energy for the low density
phase. The square (circular) markers indicate the densities at which potential (field-theoretical) models allow
the direct Urca process to occur. All models are constrained as discussed in the text. The arrow identifies
the NRAPR (dotted line) and RAPR (solid line) models which have nearly identical symmetry energies at
n = 0.5 fm−3.
the APR equation of state for the low density phase (this is strictly only applicable for n < 0.25
fm−3 for which region the NRAPR and RAPR fits show good agreement). Generally the symmetry
energies of the field-theoretical models (solid lines) vary more rapidly with density than those of
potential models (dashed lines). Three exceptions, models SR1, SR2, and SR3, were constructed
in this work by a suitable choice of the function f in Eq. (15). These field-theoretical models
mimic the density dependence of potential models near the saturation density, but with somewhat
different behavior at supranuclear densities. Notice that the requirements that we have placed on
our models strongly constrain the symmetry energy at an average nuclear density n ≃ 0.1 fm−3,
in agreement with Brown [3] and Horowitz and Piekarewicz [7] (see also Ref. [54]).
For the models considered in Fig. 11, the variation of δR with Pβ shown in Fig. 10 confirms the
Typel-Brown correlation. Additional points that emerge from our analysis include:
(1) At the densities of interest, the pressure difference between pure neutron matter and beta-
equilibrated matter is small enough that the correlation is not significantly impacted.
(2) In general, field-theoretical models yield δR > 0.2 fm. The exceptions are models SR1, SR2,
SR3, es25, and es275 that were designed to have special symmetry properties that lead to δR < 0.2
fm.
(3) If the neutron skin thickness is measured with high accuracy, the pressure of neutron-star matter
at this density could be determined to within (20–25)%. For a fiducial Rn −Rp = 0.2± 0.025 fm,
this correlation predicts that Pβ = (0.9 ± 0.3) MeV/fm3; for a lower mean value of Rn − Rp,
the predicted uncertainty in the pressure is larger. Employing a wider variety of non-relativistic
models than those used by Typel and Brown results in an enlarged spread in results for models
with relatively small values of δR. We emphasize that the linear correlations observed in Fig. 10
are significantly worsened for slight excursions from the fiducial densities chosen.
Furnstahl [54] has presented a correlation between the neutron form factor and the neutron
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radius. He also demonstrated correlations between the skin thickness and, separately, the linear
density dependence of the symmetry energy, the quadratic density dependence and also d2n0/dα
2.
These three quantities are all closely related to P (5n0/8) as shown above.
Implications for neutrino emission from neutron stars
The density dependence of the symmetry energy also plays an important role in determining
whether or not the simplest possible ν emitting processes, the so-called direct Urca processes
p+ ℓ→ n+ νℓ and n→ p+ ℓ+ νℓ, (103)
where ℓ is either an electron or a muon, occur in charge neutral neutron star matter. These direct
Urca processes can occur whenever energy and momentum conservation is simultaneously satisfied
among n, p and ℓ (for temperatures of interest to long-term cooling, neutrinos would have left the
star). In a mixture of neutrons, protons and electrons, the required proton fraction x for the direct
Urca process to occur is 1/9. When this mixture is in beta equilibrium, x satisfies [50]
x ≃ 0.048 (Esym(n)/Sv)3 (n0/n) (1− 2x)3 , (104)
which highlights the role of the density dependent symmetry energy. For example, for a linear
symmetry energy, Esym(n) = Sv(n/n0), the onset of the direct Urca process occurs for nc/n0 ≃ 2.2
with Sv = 30 MeV. In the presence of muons, which begin to appear around n0, the required
proton fraction is about 0.14 and hence the threshold density is somewhat larger. In the case that
Esym(n) increases less than linearly with density, the direct Urca threshold density is larger. If
the Urca threshold density is less than the star’s central density, the neutron star will rapidly cool
because of large energy losses due to neutrino emission: the star’s interior temperature T will drop
below 109 K in minutes and reach 107 K in about a hundred years. This is the so-called rapid
cooling paradigm. If the threshold density is not reached below the central density, or if the direct
Urca process is suppressed due to nucleon superfluidity (calculated energy gaps are about an MeV
or less), cooling instead proceeds through the significantly less rapid modified Urca processes
n+ (n, p)→ p+ (n, p) + e− + ν¯e and p+ (n, p)→ n+ (n, p) + e+ + νe , (105)
in which an additional nucleon enables momentum conservation. As the temperature approaches
the superfluid critical temperature, cooling also takes place through neutrino pair emission from
the Cooper-pair breaking and formation processes [57] which are more efficient than the modified
Urca process, but significantly less efficient than the direct Urca process. If the density dependence
of the nuclear symmetry energy is relatively weak, only the less rapid neutrino cooling processes
can occur.
The filled squares and circles in Fig. 11 indicate the densities at which the direct Urca process is
allowed by energy and momentum conservation conditions. Some of the models whose symmetry
energy exhibits a moderate density dependence allow the direct Urca process to take place, but at
densities beyond the maximum of 0.5 fm−3 plotted. For some other models the direct Urca process
does not occur at all since it requires densities larger than the central densities of the maximum
mass stars.
Figure 12 shows the skin thickness versus the threshold density for the direct Urca process (note
that the NRAPR and RAPR skin thicknesses are plotted against nUrca for the exact APR EOS.).
The results in this figure supplement those of Horowitz and Piekarewicz [58] by also including
results of potential models. A determination that δR has a value greater than 0.2 fm would imply
that the nucleon direct Urca process should exist in 1.4 M⊙ neutron stars, unless it is suppressed
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FIG. 12: Skin thickness versus the threshold density for the direct Urca process to occur in neutron stars.
by superfluidity. For a recent assessment in this regard, see Ref. [59] which studied neutron star
cooling in the absence of enhanced neutrino emission, and compared the results with data on
cooling neutron stars.
Implications for the crustal fraction of the moment of inertia
Another astrophysical application concerns the thickness of the crust of a neutron star, which
is related to the density dependence of the symmetry energy by physics similar to that of the
thickness of the neutron skin of nuclei. The neutron star crust thickness might be measurable
from observations of pulsar glitches, the occasional disruptions of the otherwise extremely regular
pulsations from magnetized, rotating neutron stars. The canonical model of Link et al. [60] suggests
that glitches are due to the transfer of angular momentum from superfluid neutrons to normal
matter in the neutron star crust, the region of the star containing nuclei and nucleons that have
dripped out of nuclei. This region is bounded by the neutron drip density (≃ 1.5×10−3n0 ≃ 4×1011
g cm−3) and the transition density nt (≈ n0/2 ≃ 1.5 × 1014 g cm−3) at which nuclei merge into
uniform nucleonic matter. Link et al. [60] concluded from glitches of the Vela pulsar that at least
1.4% of the total moment of inertia resides in the crust of the Vela pulsar. The fraction of the
star’s moment of inertia contained in the crust is connected to the crust’s thickness, and both are
controlled by the pressure of matter, Pt, at the transition density as well as the neutron star’s mass
M and radius R. The fractional moment of inertia, ∆I/I, where ∆I is the moment of inertia in
the star’s crust and I is the star’s total moment of inertia, can be expressed as [2] :
∆I
I
≃ 28πPtR
4
3GM2
(1− 1.67β − 0.6β2)
β
[
1 +
2Pt(1 + 5β − 14β2)
ntmbc2β2
]−1
, (106)
where β = GM/Rc2.
The core-crust transition density is not too far from 0.1 fm−3, and matter at these densities is
nearly pure neutron matter, which suggests that the Typel-Brown correlation between nt and δR
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FIG. 13: Neutron skin thickness versus the core-crust interface density nt (left panel) and the fractional
moment of inertia δI/I in the crust of a 1.4M⊙ neutron star (right panel). The dashed line for ∆I/I = 0.014
is deduced for the Vela pulsar, assuming a mass for Vela of 1.4M⊙.
has astrophysical significance. However, the Typel-Brown correlation refers to the fiducial density,
0.1 fm−3. Thus, even if the transition density was always 0.1 fm−3, the dependence of R (for a
given M) on the symmetry energy has to be taken into account also. The major dependence on
the EOS is therefore through the quantity PtR
4/M2.
A reasonable approximation to the core-crust boundary can be obtained by considering the zero
temperature phase equilibrium between two homogenous nucleonic fluids, a dense phase approx-
imating matter inside nuclei (labelled by i) and a dilute phase approximating the drip nucleons
outside nuclei (labelled o). Finite-size effects, such as those due to the surface and Coulomb energy
can be included as in Ref. [61], but are ignored here to obtain a first orientation. The electrons
can be treated as a free Fermi gas which uniformly fills space in both phases and we define Ye to
be the ratio of electron and baryon densities.
Phase equilibrium follows from minimization of the free energy density allowing for the two
conserved quantitites of baryon number and charge. We define u to be the fractional volume
occupied by the dense phase i. The dense phase i has a proton fraction xi; the dilute phase o has
a proton fraction xo. Phase equilibrium, while maintaining beta equilibrium, is then described by
n = niu+ no(1− u) , nYe = nixiu+ noxo(1− u) , Pi = Po ,
µni = µno µpi = µpo, , µni − µpi = µe . (107)
The transition density occurs at the baryon density n = nt for which u→ 0.
Figure 13 displays the relation between δR and nt (left panel) and the relation between δR and
∆I/I (right panel) for a 1.4 M⊙ star. The transition density varies over a range of about a factor of
2 in density, from 0.05 fm−3 to 0.12 fm−3, and there is a negative correlation between δR and nt, but
it is not very robust when all the models are considered. We note that Horowitz and Piekarewicz [7]
computed the transition density as the density at which an instability to small perturbations occurs
in a uniform liquid of nucleons and electrons (see also Ref. [25]). They obtained a much tighter
correlation between nt and δR by varying the symmetry energy in a few relativistic models. Using
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FIG. 14: The quantity RP−α as a function of the stellar radius R, for pressures P determined at 3/2, 2
and 3 times equilibrium nuclear matter density. For each density, the best-fit value for the exponent α is as
indicated. Results for 1.4M⊙ (maximum mass) stars are in the left (right) panel. Circled stars indicate the
results obtained with the APR equation of state.
the exact APR EOS our method yields nt = 0.094 fm
−3 in close agreement with Ref. [25]; this lies
between the RAPR and NRAPR results plotted in Fig. 13 being somewhat closer to the former.
Although we do not display it, there is little correlation between Pt and δR. One would expect
high values of S′v to correspond to high pressures in general. However, high values of S
′
v also tend to
have low transition densities, so the effects somewhat cancel, leaving little net correlation between
Pt and S
′
v. However, as discussed above, the astrophysical observable ∆I/I is nearly proportional
to the quantity PtR
4/M2 and not Pt alone. This is plotted in the right panel in Fig. 13. Although
the correlation is not very strong, it does suggest that, at least in the case of a 1.4M⊙ Vela pulsar,
a value of ∆I/I ∼ 0.014 implies a skin thickness > 0.15 fm for 208Pb. A larger mass for the Vela
relaxes this lower bound toward lower values of δR.
3. The neutron star radius versus the pressure of supranuclear neutron-star matter
Lattimer and Prakash [2] found that the radius R of a neutron star exhibits a correlation that
has the form of a power law:
R ≃ C(n,M) [P (n)]0.23−0.26 , (108)
where P (n) is the total pressure inclusive of leptonic contributions evaluated at a density n in the
range 1 to 2n0, and C(n,M) is a number that depends on the density n at which the pressure was
evaluated and on the stellar mass M . In Fig. 14 the left and right panels show this correlation as
RP−α versus R for stars of mass 1.4M⊙ andMmax, respectively, for the EOS’s considered here and
densities n = 1.5−3n0. In each case, the exponent α was determined by a least-squares analysis to
give the best correlation. For the optimum exponent α = d lnR/d lnP ∼ 0.25, the radius increases
very slowly with mass. As shown in Ref. [2], general relativity reduces the value of α from 1/2, the
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FIG. 15: Left panel: The smallest radii of neutron stars given by our set of EOS’s as a function of the
corresponding maximum masses for field-theoretical and Skyrme models (respectively, solid and dashed
lines labelled “max”). The radii for 1.4M⊙ neutron stars are labelled “1.4”. The shaded regions indicate
radii that are accessible for a particular class of EOS. Right panel: The mass–radius relation for the field-
theoretical model SR1. The central densities of stars of different masses are as indicated. The inset shows
the adiabatic index Γ versus density for this model.
value characteristic of an n = 1 Newtonian polytrope. For the EOS of Buchdahl [62], this role of
general relativity was demonstrated analytically [2].
In studying the Lattimer-Prakash radius-pressure correlation [2], we have excluded cases in
which the high density EOS was softened because of the presence of non-nucleonic degrees of
freedom. The correlation, however, is not greatly improved by this omission, primarily because
softening components do not often affect the equation of state strongly until the density exceeds
two to three times the saturation density.
The discussion in Sec. IVC2 showed that the pressure at densities close to equilibrium density
is dominated by the derivative of the symmetry energy. Thus one could alternatively achieve a
linear correlation by plotting E′sym(3n0/2) versus R
1/α.
Sizes of neutron star radii in potential and field-theoretical models
We have not considered in this work the possible presence of hyperons, Bose (pion or kaon)
condensates or quarks. Such components generally soften the EOS which results in neutron stars
with masses and radii that are smaller than those with nucleons-only matter. Our interest here lies
in establishing the minimum radii that EOS’s with only nucleonic matter yield. Fig. 15 displays
this minimum radius as a function of maximum mass for potential and field-theoretical EOS’s that
are constrained as described in Sec. IVA.
Each point on the solid line labeled “max” is the radius of the maximum mass configuration for
the field-theoretical EOS which yields the smallest possible radius. The solid line labeled “1.4” is
the radius of a 1.4M⊙ star for the same EOS. Analogous results for potential models are shown by
the dashed lines. The hatched regions indicate where other reasonable potential or field-theoretical
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FIG. 16: Calculated neutron skin thickness δR of nuclei versus the radius of 1.4M⊙ stars (left panel) and
of maximum mass stars (right panel). The solid lines are described in the text.
models may exist. For comparison, the APR equation of state supports a star of maximum mass
2.2M⊙ for which the radius is 10.9 km. The field-theoretical models SR1, SR2, and SR3 have
maximum masses of 1.44, 1.6, and 1.8 M⊙, respectively. The corresponding radii are
R1.4 = 9.84, 11.04, and 12.21 km for M = 1.4M⊙
Rmax = 9.17, 9.83, and 10.49 km for M =Mmax . (109)
The mass-radius relation of the model SR1 with a maximum mass of 1.44 M⊙ is shown in the right
panel of Fig. 15. Of the many field-theoretical models considered in this work, this model yields
the smallest radius.
4. The neutron skin thickness versus the neutron star radius
We turn now to the Horowitz-Piekarewicz correlation for the models considered in this work.
Our results are shown in Fig. 16 for a 1.4M⊙ (left panel) and for the maximum mass (right panel)
configuration for each EOS. Note especially the results of models SR1, SR2, and SR3 which buck
the trend of field-theoretical models that generally yield large neutron star radii. As noted in
Ref. [2], large radii are a consequence of symmetry energies that vary rapidly with density beyond
the nuclear saturation density.
The Typel-Brown correlation demonstrates that the neutron skin thickness δR is linearly cor-
related with E′sym(5n0/8), whereas the Lattimer-Prakash correlation for the neutron star radius
establishes a linear correlation between R1/α and E′sym(3n0/2). These two correlations can be
synthesized by comparing E′sym at the two different densities. This is carried out in Fig. 17
where, notwithstanding some scatter in the results, there is an overall linear correlation between
E′sym(5n0/8) and E
′
sym(3n0/2). This suggests a relationship of the form δR = a + bR
1/α. Deter-
mining the coefficients by a least-squares fit to the results in Fig. 16 yields
δR =
(
0.09558 + 1.201 × 10−5 R1/0.281
)
fm for M = 1.4M⊙
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FIG. 17: The derivative of the symmetry energy at 3n0/2 versus that at 5n0/8.
δR =
(
0.1160 + 4.540 × 10−6 R1/0.245
)
fm for M =Mmax , (110)
These relationships are depicted by solid lines in Fig. 16. For a fiducial δR = 0.2 ± 0.025 fm,
R1.4 = (13 ± 0.5) km and Rmax = (11 ± 0.5) km. In the latter case, Mmax is found to vary up
to 2.2M⊙. These values give a measure of the extent to which the neutron star radius can be
constrained if the neutron skin thickness is measured to the specified accuracy. For a lower mean
value of δR the uncertainty in the radius is larger.
Schramm [63] further explored the Horowitz-Piekarewicz correlation [7, 64] between the neutron
skin thickness and the neutron star radius by using covariant field-theoretical models based on
SU(3) symmetry. He found that the correlation was weak because of the restricted variation
allowed in the fourth-order vector-isovector couplings. In our work we have eliminated EOS’s
which do not satisfy minimal astrophysical and experimental nuclear constraints, which results in
a tight correlation despite the enlarged freedom in the description of the symmetry energy. In fact,
combining the correlations as discussed above, we find a skin thickness which scales approximately
with the stellar radius raised to a power ∼ 4.
V. OTHER RELATED CORRELATIONS
We turn now to address a few other correlations connected with isospin asymmetry. Supplements
to our brief account here are contained in several reviews, some of which are alluded to below.
A. Giant Dipole Resonances
The analyses of giant resonances, particularly dipole resonances, have long served to delineate
the role of volume and surface effects in nuclei; for a review see Ref. [65]. In medium to heavy nuclei
in which magnetic contributions are small, the inverse-energy-squared weighted photoabsorption
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cross section can be related to the static polarizability p as
σ−2 =
∫
σ(ω)
ω2
dω = 2π2(e2/h¯c)p . (111)
In nuclei with mass number A ≥ 100, σ−2 = (2.9±0.2)A5/3 µb MeV−1 parameterizes the data [66,
67]. The dipole polarizability can be evaluated as the response of a nucleus to an external dipole
field ηD, where η denotes the strength and D = (1/2)
∑A
i=1 ziτ
3
i is the dipole operator. Explicitly,
p = 2
∑
n 6=0
|〈0 |D|n〉|2
ωn − ω0 , (112)
where |n〉 and ωn are the eigenstates and eigenenergies of the nuclear Hamiltonian responsive to
the dipole operator D. Microscopic RPA calculations [68] of p employing Skyrme-like interactions
reproduce the general trends of the data. The interplay between volume and surface effects are,
however, difficult to extract from RPA calculations. Semiclassical methods, in which the energy
density formalism is coupled with a hydrodynamic approach to describe collective excitations,
have thus been employed to explore how the volume and surface symmetry energies, Sv and Ss,
determine the value of p across the periodic table [31, 65, 69]. Using the Hamiltonian density in
Eq. (1), and writing the transition density as δ[ρn(r) − ρp(r)] = ηφ(r) cos θ, the polarizability is
calculated from
p =
2π
3
∫
φ(r)r3 dr , (113)
where φ(r) is the solution of the corresponding Euler-Lagrange (integro-differential) equation. It is
found that similar results for p are obtained for correlated values of Sv and Ss. Numerical results
for 40Ca, 120Sn, and 208Pb show that the choice of Sv in the range 27–42 MeV requires |Ss/Sv | =
1.2–2.2; lower values of Sv correlate with lower values of Ss for good fits [69]. The slope of this
correlation can be compared to that found using ground state energetics in Sec. IV C 1 (see Fig.
8). It is in close agreement with the correlation obtained with the ‘µn’ model.
A qualitative understanding of this correlation can be gained by using a schematic symmetry
energy density functional and a leptodermous expansion of the density [65], whence one obtains
the result
p =
A
24
〈r2〉
Sv
(
1 +
5
3
Ss
Sv
A−1/3 + · · ·
)
, (114)
where 〈r2〉 is the mean square radius of the nucleus and higher order terms contain corrections
from the diffuseness and the skin thickness. Although values of Sv = 32.5 MeV and |Ss/Sv| = 2.2
describe the data adequately [65], correlated variations in these numbers are allowed as pointed
out in Ref. [69].
Sum rules have been particularly useful to relate experiments and theory in discussing the mean
excitation energies, widths, and the spreading of the excitation strengths [65]. The moments mp
of the strength function S(ω) =
∑
n>0 |〈n |F | 0〉|2 δ(ω − ωn) defined by
mp =
∫ ∞
0
S(ω)ωp dω =
∑
n>0
|〈n |F | 0〉|2 ωpn , (115)
where F is the physical operator exciting the nucleus from its ground state |0〉 to its eigenstate |n〉,
are especially helpful in this regard. For example, a good measure of the mean excitation energy is
provided by E(D) =
√
m1/m−1, for which results from RPA and hydrodynamic calculations have
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been compared with data [65]. Using a droplet model coupled with a hydrodynamic approach to
excite the dipole resonance, Ref. [70] obtains
E(D) =
√√√√6h¯2(1 +KD)
M〈r2〉
Sv
1 + 53
Ss
Sv
A−1/3
, (116)
where M is the nucleon mass. The quantity KD is a model dependent enhancement factor char-
acterizing the relative contribution of the nuclear interaction to the m1 sum rule and depends
critically on the value of the energy up to which the energy integration is carried out in analyzing
the experimental data. Using values of Sv = 32.5 MeV and Ss/Sv ≃ 2 from a droplet model
fit to nuclear energies, and KD = 0.2 corresponding to Emax = 30 MeV, Ref. [70] finds that a
hydrodynamic approach is able to reproduce the experimental mean excitation energy of nuclei
ranging from 40Ca to 208Pb reasonably well. Several Skyrme interactions with different values of
Sv and Ss/Sv are also able to account for the data to the same level of accuracy. However, since the
values of Sv and Ss for these forces are correlated because they are fit to experimental masses, the
additional constraint on the permitted ranges of Sv and Ss resulting from fitting dipole resonances
does not seem to be significant.
It must be emphasized that while a hydrodynamic approach is able to account for the gross
features of nuclear mass dependence, several detailed features of the data such as strength frac-
tionation, spreading widths, etc., are not naturally incorporated in its scope. For such details one
must adopt a more microscopic approach that includes, for example, contributions from 2p–2h
excitations, etc. For a detailed account, see, for example, Ref. [71].
B. Heavy-Ion Collisions
1. Multi-fragmentation
The breakup of excited nuclei into several smaller fragments during an intermediate-energy
heavy-ion collision probes the phase diagram of nucleonic matter at sub-saturation density and
moderate (∼ 10 − 20 MeV) temperatures. In this region of the phase diagram the system is
mechanically unstable if (dP/dn)T,x < 0, and/or chemically unstable if (dµp/dx)T,P < 0. (A
pedagogical account of such instabilities can be found in Ref. [72]). These instabilities, which are
directly related to the symmetry energy at sub-saturation densities [73], are believed to trigger the
onset of multifragmentation. Because of the instabilities, matter separates into coexisting liquid
and gas phases, which each have different proton fractions, i.e. “isospin fractionation” [74]. This
fractionation is observed in the isotopic yields which can potentially reveal information about the
symmetry energy. Also, the scaling behavior of ratios of isotope yields measured in separate nuclear
reactions, “isoscaling”, is sensitive to the symmetry energy [75, 76]. This scaling is expressed in
the empirically observed ratio of fragment yields from two similar systems with different neutron-
to-proton ratios:
Y2(N,Z)/Y1(N,Z) ∼ expαN+βZ , (117)
where the constants α and β can be related to the neutron and proton chemical potentials in
a canonical ensemble description, and thus to the proton fraction of the source. To date, there
are many suggestions of how the symmetry energy may affect multifragmentation [77]. Ongoing
research is concerned with an extraction of reliable constraints on the symmetry energy from the
presently available experimental information.
42
2. Collective Flow
Nuclear collisions in the range Elab/A = 0.5 − 2 GeV offer the possibility of pinning down the
equation of state of matter above normal nuclear density (up to ∼ 2 to 3n0) from a study of matter,
momentum, and energy flow of nucleons [78]. The observables confronted with theoretical analyses
include (i) the mean transverse momentum per nucleon 〈px〉/A versus rapidity y/yproj [79], (ii)
flow angle from a sphericity analysis [80], (iii) azimuthal distributions [81], and (iv) radial flow
[82]. Flow data gathered to date are largely for protons (as detection of neutrons is more difficult)
and for collisions of laboratory nuclei in which the isospin asymmetry is not large. Theoretical
calculations have generally been performed using Boltzmann-type kinetic equations. One such
equation for the time evolution of the phase space distribution function f(~r, ~p, t) of a nucleon that
incorporates both the mean field U and a collision term with Pauli blocking of final states is (see,
for example, Ref. [83])
∂f
∂t
+ ~∇pU · ~∇rf − ~∇rU · ~∇pf = − 1
(2π)6
∫
d3p2 d
3p2′ dΩ
dσNN
dΩ
v12(2π)
3 δ3(~p + ~p2 − ~p1′ − ~p2′)
× [ff2(1− f1′)(1− f2′)− f1′f2′(1− f)(1− f2)] . (118)
Above, dσNN/dΩ is the differential nucleon–nucleon cross–section and v12 is the relative velocity. In
general, the mean field U depends on both the density n and the momentum ~p of the nucleon. Equa-
tion (118) contains effects due to both hard collisions and soft interactions, albeit at a semiclassical
level. Theoretical studies that confronted data have thus far used isospin averaged nucleon-nucleon
cross sections and mean fields of symmetric nuclear matter. It is now well established that much
of the collective behavior observed in experiments stems from momentum dependent forces at play
during the early stages of the collision [84]. The conclusion that has emerged from several studies
is that as long as momentum dependent forces are employed in models that analyze the data, a
symmetric matter compression modulus of ∼ 220 MeV, as suggested by the analysis of the giant
monopole resonance data [85], fits the heavy-ion data as well [86].
The prospects of rare isotope accelerators (RIA’s) that can collide highly neutron-rich nuclei has
spurred further work to study a system of neutrons and protons at high neutron excess [87, 88, 89].
Generalizing Eq. (118) to a mixture, the kinetic equation for neutrons is
∂fn
∂t
+ ~∇pU · ~∇rfn − ~∇rU · ~∇pfn = Jn =
∑
i=n,p
Jni , (119)
where Jn describes collisions of a neutron with all other neutrons and protons. A similar equa-
tion can be written down for protons with appropriate modifications. On the left hand side of
each coupled equation the mean field U ≡ U(nn, np; ~p ) depends explicitly on the neutron-proton
asymmetry. The connection to the symmetry energy arises from the fact that U is obtained from
a functional differentiation of a Hamiltonian density, such as that in Eq. (1). Examples of such
mean fields may be found in Refs. [88, 89, 90]. Observables that are expected to shed light on the
influence of isospin asymmetry include neutron-proton differential flow and the ratio of free neutron
to proton multiplicity as a function of transverse momentum at midrapidity. Experimental inves-
tigations of these signatures await the development of RIA’s at GeV energies. In this connection,
it will be important to detect neutrons in addition to protons.
VI. DISCUSSION AND CONCLUSIONS
In this work, we have investigated the relationship between the symmetry energy of nucleonic
matter and the neutron skin thicknesses of neutron-rich nuclei as well as the radii of neutron stars.
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Precision measurements of neutron skins and neutron star radii are due to become available in
the near future. We have studied how these measurements can constrain the dependence of the
symmetry energy on baryon density, Esym(n), in the vicinity of the nuclear saturation density n0.
This knowledge is crucial to understanding many astrophysical phenomena, including neutron star
evolution, supernova explosions and nucleosynthesis, and binary mergers involving neutron stars.
Simulations of these phenomena involve extrapolations of the symmetry energy to supranuclear
densities.
A crucial aspect of our presentation is that care was taken to ensure that the nuclear force
parameterizations, whether for potential or field-theoretical models, were constrained by fits to
closed-shell nuclei. In addition, all models were constrained to yield a maximum neutron star mass
of at least 1.44M⊙, the larger of the accurately measured neutron star masses in the binary pulsar
1913+16. Without such constraints, much weaker correlations relating the neutron skin thickness
to astrophysical quantities such as neutron star radii would have resulted.
Analytical representations of the relation between the symmetry energy and the neutron skin
were developed for semi-infinite surfaces calculated in potential and field-theoretical models. To
lowest order, the neutron skin thickness δR = 〈r2n〉1/2 − 〈r2p〉1/2 is proportional to δLSs/Sv where
δL is the neutron excess in the nuclear center and Sv[≡ Esym(n0)] and Ss are related to the
expansion parameters of the volume and surface symmetry energies, respectively, in the liquid
drop or droplet models of nuclei. This representation is validated by comparisons with results
of finite nucleus calculations performed in the Hartree-Fock-Bogoliubov (for potential models)
and Hartree (for field-theoretical models) approximations. For the first time, results for nuclei are
presented for the Akmal-Pandharipande-Ravenhall EOS parameterized according to both potential
and field-theoretical models.
The semi-infinite surface representation predicts that the ratio Ss/Sv, or equivalently, the skin
thickness δR, is a particular average of the density-dependent symmetry energy in the surface. In
addition, phenomenological comparisons indicate that there is a relatively tight correlation between
δR and the pressure of neutron star matter at a typical average surface density of 5n0/8. These
results are not independent, but together imply that the determination of δR offers a valuable
constraint on the density dependence of the symmetry energy. It was explicitly shown that the δR
– pressure correlation is a consequence of a more general correlation between δR and the derivative
of the symmetry energy at the same density. In contrast to most, but not all, previous results, we
have also demonstrated that field theoretical models can yield a neutron skin thickness in 208Pb
of less than 0.2 fm. Since a measurement of the neutron radius to about 1% accuracy implies an
error of about 0.05 fm, the uncertainty in the neutron skin thickness will probably range from 10%
to 30%, depending upon the magnitude of δR. On this basis, it is expected that the pressure at
5/8 n0 could be determined to 20–50%.
An independent method of constraining Ss/Sv is from a least squares fit of nuclear models to
nuclear binding energies. However, this fitting can only reliably establish a correlation between
Ss/Sv and Sv. We have examined this in the liquid droplet approach using two plausible models.
The surface tension was parameterized either in terms of µn, implying a neutron skin, or in terms
of µn − µp which allowed for the Coulomb interaction of protons. While these models gave fits to
the data of similar accuracy, the valley in χ2 differed in the two cases. The behavior of the ‘µn’
model was shown to be more consistent with the systematic correlation derived from parameter
optimization of both potential and field-theoretical models of laboratory nuclei.
The density dependence of the symmetry energy has a number of astrophysical consequences.
One of the most important is its role in determining the composition of matter. In beta equilibrium,
the proton fraction is proportional to Esym(n)
3 for small proton fractions. The charge fraction of
matter plays an essential role in establishing the threshold densities of hyperons and the quark-
hadron phase transition. If any of these threshold densities are exceeded in a neutron star, the
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possibility of enhanced neutrino emission by a direct Urca process exists. The threshold for the
direct Urca process involving nucleons alone is also determined by the charge fraction (for example,
it is 1/9 in the absence of muons). We have shown that the determination of δR to have a value
greater than approximately 0.2 fm would imply that at least the nucleon direct Urca process exists
in 1.4 M⊙ neutron stars.
An additional astrophysical application is the relation we established between δR and the radii R
of neutron stars. Although Lattimer and Prakash established a phenomenological relation between
R for a given mass star and the pressure of neutron star matter above, but near, the nuclear
saturation density, there exists additional uncertainty in relating this algebraically to the δR − P
correlation. However, as shown in this work, a useful relation directly relating δR and, for example,
the radius of a 1.4M⊙ star, R1.4, can be established.
The fact that the neutron skin thickness, which measures symmetry properties below nuclear
density, and the astrophysical quantities involving the neutron star radius and the Urca threshold
density, can be correlated is a consequence of a generic trend in the overall density dependence of
the symmetry energy. This trend was specifically demonstrated by displaying the linear relationship
which exists between the density derivatives of the symmetry energy at 5n0/8 and 3n0/2. This
relationship is independent of the parameterization of the nuclear force.
Observation of neutron star radii may provide qualitative information on the stellar composi-
tion. Using the parametric freedom of the EOS’s considered, while satisfying the aforementioned
constraints, we concluded that the minimum radius achievable for a star composed of just nucleons
and leptons is about 9 km. Observation of a significantly smaller radius would likely imply that
some softening component (bose condensates, hyperons, quarks, etc.) is present in dense matter,
although it could also indicate that the EOS’s given by potential and field-theoretical models is
qualitatively incorrect.
We have also explored the influence of the density dependence of the nuclear symmetry energy
on the transition pressure marking the boundary between the core and the crust in a neutron star.
This transition pressure is closely approximated by the phase boundary separating uniform matter
from matter in which nuclei exist. It was found that the transition pressure was not correlated with
the neutron skin thickness, although the transition density did show some rather weak correlation.
More interesting is the fraction of the star’s moment of inertia residing in the crust which is
measurable and which depends on the transition pressure, mass and radius. Here there was some
correlation with larger values of this fraction tending to imply larger values of the neutron skin
thickness, but the correlation was not very robust. Probably the neutron skin and the transition
pressure should be viewed as independent quantities whose measurement would provide separate
constraints on the EOS.
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APPENDIX A: MODEL PROPERTIES
TABLE V: Saturation and surface properties for the models selected in this work. Symbols are n0: nuclear
matter saturation density in fm−3, B: the binding energy per particle in MeV, K: compression modulus
in MeV, Sv: symmetry energy in MeV, S
′
v: density derivative of the symmetry energy in MeV fm
3, σ0:
surface tension of symmetric matter in MeV fm−2, σδ: asymmetry parameter of the surface tension in MeV
fm−2, and δR: skin thickness of 208Pb in fm. The symbol “TW” in the second column refers to new models
constructed in this work.
Model Ref. n0 B K Sv n0S
′
v σ0 σδ δR
Potential
Gs [91] 0.15765 15.590 237.57 31.384 31.351 0.94198 6.4724 0.23730
Ly5 [TW] 0.16059 15.986 229.94 32.010 16.048 1.1469 3.8139 0.16600
Rs [91] 0.15778 15.589 237.66 30.593 28.574 0.94257 5.8063 0.22240
SGI [92] 0.15477 15.895 263.79 28.373 21.321 1.1156 4.0972 0.17650
SLy0 [93] 0.16030 15.973 229.67 31.982 15.704 1.1447 3.5963 0.16540
SLy230a [94] 0.15998 15.990 229.89 31.985 14.772 1.1472 3.1525 0.15540
SkMP [95] 0.15714 15.562 231.36 29.899 23.447 1.1063 5.1515 0.20030
SkT4 [39] 0.15902 15.957 235.56 35.457 31.380 0.98109 5.8878 0.25340
SkI5 [96] 0.15596 15.848 256.95 36.697 43.185 1.1492 7.7179 0.27540
NRAPR [TW] 0.16058 15.856 225.70 32.787 19.880 1.0391 4.5347 0.19030
Field-theoretical
NL4 [97] 0.14761 16.158 270.35 36.239 38.307 1.1706 6.2556 0.27346
S271 [7] 0.14840 16.250 271.00 35.927 24.240 0.95401 5.0735 0.25063
Z271 [7] 0.14840 16.250 271.00 35.369 22.334 0.89856 4.0940 0.23765
SR1 [TW] 0.16558 16.359 202.15 29.000 9.0730 1.0593 2.5161 0.15953
SR2 [TW] 0.15245 16.376 224.64 30.071 9.8437 0.95494 2.3783 0.17229
SR3 [TW] 0.15000 16.272 222.55 29.001 11.303 0.93076 2.4286 0.17096
es25 [TW] 0.16000 16.000 211.73 25.000 15.107 0.94625 2.4807 0.13769
es275 [TW] 0.16000 16.000 205.33 27.500 19.253 0.94558 3.2336 0.17135
es30 [TW] 0.16000 16.000 215.36 30.000 26.853 1.0281 4.7907 0.20542
es325 [TW] 0.16000 16.000 212.45 32.500 29.808 1.0232 5.3820 0.22536
es35 [TW] 0.15972 16.000 209.97 34.937 35.386 1.0369 6.4629 0.24843
RAPR [TW] 0.15705 16.362 276.70 33.987 18.993 0.97931 3.1029 0.20114
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APPENDIX B: COUPLING STRENGTHS OF MODELS SR2, ES25, ES30, AND ES35
TABLE VI: Coupling strengths for the model SR2 with nuclear matter equilibrium density n0 = 0.15 fm
−3,
binding energy B = 16.38 MeV, compression modulus K = 224.5 MeV, Dirac effective mass M∗(n0) =
0.78M , and symmetry energy Esym = 30.1 MeV. The dimensions of ai and bi are such that the Lagrangian
in Eq. (13) is in MeV4.
mσ gσ gω gρ κ λ
440.93 MeV 7.1513 8.9644 11.217 14.055 MeV 0.010091
ζ ξ a1 a2 a3 a4
0.052964 3.0351 35.470 5.0570 ×10−3 2.3109 ×10−6 1.0686 ×10−3
a5 a6 b1 b2 b3
1.0060 ×10−11 6.8908 ×10−7 0.22299 2.2908 ×10−7 3.0076 ×10−13
TABLE VII: Coupling strengths for the model es25 with nuclear matter equilibrium density n0 = 0.16 fm
−3,
binding energy B = 16 MeV, compression modulus K = 211.7 MeV, Dirac effective mass M∗(n0) = 0.76M ,
and symmetry energy Esym = 25 MeV. For the couplings ai and bi, only the non-zero entries are given.
mσ gσ gω gρ κ λ
459.52 MeV 7.5425 9.1120 8.3802 16.504 MeV -0.052591
ζ ξ a2 b1
1.5174 ×10−3 0.12740 3.4477 1.5931
TABLE VIII: Coupling strengths for the model es30 with nuclear matter equilibrium density n0 = 0.16 fm
−3,
binding energy B = 16 MeV, compression modulus K = 215.4 MeV, Dirac effective mass M∗(n0) = 0.66M ,
and symmetry energy Esym = 30 MeV. Only non-zero ai and bi are given.
mσ gσ gω gρ κ λ
503.18 MeV 9.2236 11.173 7.5106 7.3353 MeV -0.028115
ζ ξ a2 b1
2.9571 ×10−3 0.20174 0.57839 0.22445
TABLE IX: Coupling strengths for the model es35 with nuclear matter equilibrium density n0 = 0.1597 fm
−3,
binding energy B = 16 MeV, compression modulus K = 210.0 MeV, Dirac effective mass M∗(n0) = 0.64M ,
and symmetry energy Esym = 34.93 MeV. Only non-zero ai and bi are given.
mσ gσ gω gρ κ λ
508.88 MeV 9.5598 11.576 8.1475 6.6428 MeV -0.028032
ζ ξ a2 b1
-5.8216 ×10−5 0.067440 0.024880 0.014600
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